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Abstract
The deﬁnition of representative plastic strain induced by a Vickers indent has received considerable attention in recent years. Previous
reports have attempted to deﬁne a universal value that was independent of a material’s plastic response. However, the work presented
here will show that a material-dependent representative plastic strain is valid in the conversion of ﬂow stress to indentation hardness.
This representative plastic strain is the volume average plastic strain within the plastic zone of Vickers indentation. The increase in indentation hardness within the plastic zones of macro-indents was experimentally determined by micro-Vickers indentation and then compared with that predicted by ﬁnite element modeling, which utilizes the proposed representative plastic strain. It was further shown
that the representative plastic strain deﬁned here is independent of yield strength, elastic modulus and magnitude of prior plastic deformation for both linear and power law strain hardening materials.
Ó 2010 Acta Materialia Inc. Published by Elsevier Ltd. All rights reserved.
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1. Introduction
Although surface indentation has frequently been used
to estimate the elastic and plastic response of materials,
the deﬁnition of the representative plastic strain induced
by a Vickers indent has been a topic of considerable controversy and discussion [1]. Beginning with Tabor [2], many
others [3–6] have shown that the constraint factor C = H/
ry is about 3 for most perfectly plastic engineering materials, where H is the Vickers indentation hardness and ry is
the yield strength. This ratio also applies to strain hardening materials, where ry is replaced by a representative ﬂow
stress rr corresponding to a representative plastic strain er.
Tabor [2] proposed that a Vickers indent induces an additional representative plastic strain of 0.08 regardless of the
initial plastic strain eip or indent depth d. This value for representative plastic strain is not the actual plastic deforma⇑ Corresponding author. Tel.: +1 352 392 7005; fax: +1 352 392 7303.
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tion induced by the indent, but is a parameter that
provides a statistical “best ﬁt” to the measured increase
in indentation hardness of plastically deformed, strain
hardening materials. To predict the increase in hardness
of a plastically deformed (pre-strained) material with
respect to its virgin state, C is multiplied by the ﬂow stress
rr that corresponds to the sum total of the initial plastic
strain eip plus the representative plastic strain induced by
the Vickers indent. This predicted indentation hardness is
represented by the equation:
(
H ¼ Crr je¼er ; eip ¼ 0
ð1Þ
H ¼ Crr je¼er þeip ; eip > 0
where C is independent of initial plastic strain and indent
depth due to the self-similarity of Vickers indenters [2].
Thus, the representative plastic strain induced by a
Vickers indent describes the extent to which the representative ﬂow stress over-predicts the yield strength of the
indented material, as depicted in Fig. 1a. Similarly, when
a material with an initial equivalent plastic strain eip is
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Fig. 1. Relationship between indentation hardness, ﬂow stress and representative plastic strain for: (a) virgin (eip ¼ 0) and (b) plastically deformed (eip > 0)
materials.

subjected to a Vickers indent the same representative plastic strain is used to predict the increase in representative
ﬂow stress and indentation hardness, as depicted in Fig. 1b.
This process of estimating the increase in indentation
hardness of a plastically deformed material when its ﬂow
curve is known a priori, is called a forward analysis. The
opposite case where one wishes to predict a ﬂow curve
based on the indentation hardness of the deformed material is called a reverse analysis and is far more complicated
to perform [7]. Many diﬀerent forward and reverse analyses
have been proposed since Tabor [2], and one of the most
controversial topics in these methods is the manner in
which the representative plastic strain was deﬁned and
calculated.
Representative plastic strain has been called by many
diﬀerent names: eﬀective strain, average strain and characteristic strain [1,8]. Previous indentation methods that
determined the plastic response of materials cannot agree
on a single value for the representative plastic strain, but
all concur that it estimates the increase in yield strength
caused by plastic deformation of the indent [2,5,9].
Dao et al. [7] created dimensionless functions for both
forward and reverse analyses for a range of material properties and determined that a universal representative plastic
strain of 0.033 allowed the relationship between indentation loading curvature and reduced modulus to be independent of the strain hardening exponent (n) of the power law
model r = Ken, where K is the strength coeﬃcient. Similar
methods soon followed, most of which used diﬀerent values
for representative plastic strain. Bucaille et al. [10] extended
their method to conical indenters with diﬀerent included
angles and showed that the representative plastic strain
was dependent on indenter geometry. Ogasawara et al.
[11] argued that the range of material properties used by
Dao et al. [7] was too narrow and that their representative
plastic strain was not associated with elastic or plastic
deformation. They proposed a representative plastic strain
value of 0.0115 that accounted for the biaxial nature of the
plastic deformation due to Vickers indentation. In a subsequent paper, Ogasawara et al. [12] created new ﬁtting
2functions derived from the elastic and plastic work of
the indentation response for a single indenter while main-

taining the same er. Chollacoop and Ramamurty [9]
showed how initial plastic deformation aﬀected indentation
loading curvature and that the method of Dao et al. [7]
could be used to predict ﬂow curves using two diﬀerent indenters on strain hardening materials. Cao and Huber [13]
determined that the representative plastic strain could be
dependent on the ratio of loading curvature to reduced
modulus and reported er values in the range 0.023–0.095.
Other methods that did not use instrumented indentation proposed diﬀerent values for representative plastic
strain. Johnson [3] reported a representative plastic strain
of 0.07 based on the boundary of the large hydrostatic
stress “core” directly beneath the tip of a sharp indent.
Chaudhri [1] suggested that the representative plastic strain
should be the maximum plastic strain in the plastic zone of
a Vickers indent and suggested values between 0.25 and
0.36. However, much higher maximum plastic strains have
been observed to occur [7,10,14]. Using statistical ﬁts in the
relationship between normalized ﬂow stress and hardness,
Jayaraman et al. [8] determined a representative plastic
strain of 0.07 and 0.225 for Berkovich and cube-corner indenters, respectively. The indentation hardness (converted to
ﬂow stress) from these two diﬀerent indents at their respective representative plastic strains determined two points on
the stress–strain curves of the indented materials. Tekkaya
[15] proposed a value of er = 0.112 based on their experiments that predicted the plastic strain magnitude and
increase in indentation hardness associated with extrusion
processes. Antunes et al. [16] also reported material-dependent representative plastic strain values ranging between
0.034 and 0.042.
The above proposed values for representative plastic
strain are summarized in Table 1. Clearly, the values for
representative plastic strain vary over a broad range. Most
of the previous deﬁnitions of representative plastic strain
were not based on a physical and measurable quantity.
Rather, these parameters were calculated from curve ﬁtting
the indentation responses of a certain range of material
properties. The “representative plastic strain” is really a
misnomer in that it does not “represent” the actual plastic
deformation within the plastic zone of a Vickers indent.
Chaudhri [1] has dubbed Tabor’s 0.08 strain an “undeﬁned
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Table 1
Summary of proposed values in the
literature for representative plastic strain
er.
Reference

Value of er

Tabor [2]
Dao et al. [7]
Ogasawara et al. [11]
Cao and Huber [13]
Johnson [3]
Chaudhri [1]
Tekkaya [15]
Antunes et al. [16]

0.08
0.033
0.0115
0.023–0.095
0.07
0.25–0.36
0.112
0.034–0.042

global value”, whereas the 0.033 representative strain proposed by Dao et al. [7] has been called a “mathematical
trick” having “no physical basis” [11,17]. Most of these
methods attempted to ﬁnd a universal value for representative plastic strain that works for all materials, however, the
plastic strain induced by a Vickers indent (or other modes
of plastic deformation) is highly dependent on the inherent
resistance to plastic deformation of the indented material.
Since this response is typically characterized by such
parameters as the strain hardening exponent (n), a universal value for representative plastic strain is not expected to
be valid for a wide range of materials which have diﬀerent n
values. Another drawback of the previous numerical methods is that they required the running of many ﬁnite element
models along with the use of numerous dimensionless functions to characterize a given range of material responses
which may not be all encompassing. In fact, research has
shown that materials with diﬀerent plastic responses can
produce the same indentation loading curvature in single
indenter methodologies [18], which rules out the uniqueness of such methods.
In the light of such diﬃculties there has been a strong
desire to simplify indentation methodologies that are used
to predict the plastic properties of materials and vice versa
[19]. The method presented here deﬁnes the representative
plastic strain as a calculable mathematical quantity of the
plastic strain induced by a Vickers indent. This representative plastic strain is deﬁned as the average volumetric
equivalent plastic strain of the entire plastic zone, i.e.
P
ej V j
er ¼ P
ð2Þ
Vj
where ej is the equivalent plastic strain at the centroid of an
elemental volume Vj within the plastic zone. Jayaraman
et al. [8] suggested that this deﬁnition of average plastic
strain is not a valid representative plastic strain because it
is dependent on the strain hardening exponent and not universal to all materials. Because the plastic response to deformation (which is being characterized) is not the same for
diﬀerent strain hardening materials it is argued here that
the representative plastic strain should not be a universal
quantity and should thus be dependent on the material’s
capacity to strain harden. Accordingly, it cannot be
assumed that a single representative plastic strain value will
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be valid for all types of materials. Jayaraman et al. [8] have
shown that this average volumetric plastic strain is independent of elastic modulus and yield strength. It will be shown
here that it is also independent of initial plastic strain for
both linear and power law strain hardening materials.
In this analysis all plastic strains above 0.002 will be
included in the determination of er, which is consistent with
the common deﬁnition of the 0.002 oﬀset yield strength.
Bucaille and Felder [14] used a similar deﬁnition of er in
their indentation simulations and scratch tests of perfectly
plastic materials, but they limited their deﬁnition of ej to
fall within the range 0.1 eceq 6 ej 6 eceq , where eceq is an arbitrarily chosen “critical plastic strain” in the range 0.1–2.5.
They admitted that their deﬁnition of ej was highly dependent on the choice of critical plastic strain and consequently focused only on the ratio of er when comparing
scratch and indentation plastic zones. The representative
plastic strain provided here in Eq. (2) is new and diﬀerent
in the sense that the entire plastic strain gradient within
the plastic zone is accounted for in the calculation of representative plastic strain.
2. Forward analysis
A coordinated experimental and numerical approach
was adopted to investigate the relationship between indentation hardness and a material’s plastic response. First,
macro-indents (at large loads in the range of several hundred kilograms) were performed on two virgin materials
to create a large gradient in plastic strain within the indentation plastic zone. These specimens were sectioned slightly
away from the indent center and gradually polished to the
cross-section corresponding to the maximum plastic zone
depth. The plastic strain magnitude beneath a macroindent varies spatially over the plastic zone, with the highest plastic strains at the indenter tip, decreasing gradually
with distance away from the tip. The increase in indentation hardness across this plastic strain gradient was determined by conducting micro-Vickers indents (at 200 g
load) along the center line of the macro-indent plastic zone.
In the next step a ﬁnite element model of the macro-indentation process used the constitutive response obtained from
in-house compression tests to determine the resulting plastic strain gradient eip within the macro-indent plastic zone.
Utilizing the deﬁnition of a material-dependent representative plastic strain (Eq. (2)) induced by the micro-Vickers
indent, the increase in micro-Vickers hardness values was
predicted via Eq. (1) and compared with those measured
experimentally. Micro-Vickers indentations within this
plastic zone were simulated to verify the representative
plastic strain for pre-plastically deformed regions.
This study utilized both Vickers and Rockwell C macroindenters to illustrate that the current procedure of predicting the increase in hardness within a plastic zone works
irrespective of the method by which the plastic deformation
is produced. Two commercially available materials, Pyrowear 675 Stainless Steel (P675 SS) with a power law strain
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hardening response and 303 Stainless Steel (303 SS), which
follows a linear strain hardening response, were used to
validate a material-speciﬁc representative plastic strain on
diﬀerent strain hardening materials. P675 SS is typically
case-hardened, but in the current analysis only the core
(non-carburized) region with a homogeneous microstructure was investigated.
3. Experimental procedure
To induce a large plastic zone in the P675 SS specimen
the Vickers indenter tip was ﬁxed in a custom fabricated
housing and mounted in a universal testing machine
(MTSÒ Alliancee RT/30). A load of 204 kg was used to
create the desired macro-Vickers indent. The measured
Vickers hardness was 433 HV. A standard Rockwell C
macro-indent was produced on the 303 SS specimen using
the standard 150 kg Rockwell C indent load, which
resulted in a measured hardness of 26 HRC (275 HV).
After indentation these macro-indented specimens were
sectioned close to the indent and progressively polished
to reveal the indent cross-section at the maximum indent
depth. Standard metallographic polishing procedures using

progressively smaller polishing media were utilized to minimize damage and residual stresses induced by grinding and
polishing. To measure the increase in indentation hardness
within these plastic zones micro-Vickers indents were conducted using a WilsonÒ Instruments (Tukone 2100 B)
Vickers indenter at 200 g indent load and 15 s loading
duration. As per ASTM standard ASTM E384, the
micro-Vickers indents along the center line of the plastic
zone were spaced 100 lm apart, as shown in Fig. 2, to prevent interaction with neighboring indents. Similar procedures for micro-indentation of the plastic zone beneath a
macro-indent were also implemented by Chaudhri [1] and
Srikant et al. [20].
The stress–strain curves obtained from in-house compression tests on P675 SS and 303 SS cylindrical specimens
are shown in Fig. 3. Note that the P675 SS followed a
power law model with strength coeﬃcient K = 1800 MPa
and strain hardening exponent n = 0.064 and the 303 stainless steel can be modeled as a linearly hardening material
with a tangent modulus of 1183 MPa. The values for er
shown in Fig. 3 were calculated by importing these constitutive responses into the ﬁnite element models of the microVickers indentation of these two materials.
4. Finite element model

Fig. 2. Micro-Vickers indents within plastic zones of: (a) macro-Vickers
indentation on P675 SS and (b) macro-Rockwell C indentation on 303 SS.

Recall that the purpose of the two macro-indents was to
create two diﬀerent plastic strain gradients on two materials.
Therefore, two separate FE models were created to simulate
the macro-Vickers indent on P675 SS (Fig. 4a) and Rockwell C macro-indent on 303 SS (Fig. 4b). Both indenters
were displacement controlled to the same macro-indent
depths as in the experiment and then retracted to their original positions. The indenters were given ﬁxed rotational
boundary conditions and only translated normal to the
indented surface. A rigid indenter with an equivalent half
cone angle of 70.3° produces the same projected indent area
as a Vickers indent for any given indent depth and was used
to simulate the macro-Vickers indent on P675 SS (Fig. 4a).
For the Rockwell C indent a similar analysis was performed
on the 303 SS model (Fig. 4b).
Five thousand four node bilinear quadrilateral axisymmetric elements made up the FE models, with the ﬁnest

Fig. 3. Flow curves obtained by compression tests of: (a) P675 SS and (b) 303 SS.
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Fig. 4. Finite element meshes for: (a) macro-Vickers (P675 SS) and (b)
macro-Rockwell C (303 SS) indents.

mesh in the region of the indented material. There were at
least 20 elements in contact with the indenter during maximum indent depth, which provided suﬃcient resolution.
The FE model was implemented in ABAQUS 6.7-1 and
the plastic response of the material was governed by the
von Mises (J2) yield criterion, associated ﬂow rule, isotropic hardening and the constitutive responses obtained from
the compression tests shown in Fig. 3 [21]. The micro-Vickers indents for both materials were also simulated in the
plastically deformed and undeformed regions along the
center line of the macro-indent plastic zones (Fig. 2) previously mentioned, using the same FE mesh and indent
geometry as in Fig. 4a. These results will be used to verify
the same representative plastic strain for both plastically
deformed and virgin materials.
5. Results and discussion
The plastic strain contours below the macro-Vickers
indent of P675 SS and Rockwell C macro-indent of 303
SS as calculated from the FE models are shown in
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Fig. 5a and b, respectively. Note that the plastic strain gradients were not the same due to diﬀerences in the plastic
response of the two materials and indenter geometries.
Because the indent depth was the same in the experiments
and simulations, a direct comparison of the measured
increase in micro-indentation hardness within these plastic
zones could be made with those predicted by the FE model,
but the representative plastic strain induced by the microVickers indents must ﬁrst be determined.
The representative plastic strain is the same for both
micro and macro-Vickers indents, since the deformation
by Vickers indentation is self-similar with respect to indent
depth (excluding indentation size eﬀects, which were not
observed for these two materials at the chosen indent
loads). As such, the depths of the plastic strain contours
are non-dimensional with respect to indent depth in
Fig. 6, in which the plastic strain contours around the
micro-Vickers indents of both virgin P675 SS and 303 SS
are shown. These plastic strain values, along with Eq. (2),
were used to determine values for er of 0.052 and 0.035 for
P675 SS and 303 SS, respectively. These results compare well
with the average plastic strain induced by Vickers indents
calculated by Jayaraman et al. [8]. It will be shown later that
this representative plastic strain was also independent of the
initial plastic strain of the indented material. The corresponding representative ﬂow stress rr (Fig. 3) and constraint
factor C = H/rr could be calculated as 2.8 and 3.5 for P675
SS and 303 SS, respectively. While the magnitudes of plastic
strain contours in Fig. 6 are the same, the diﬀerences in spatial variation were due to the plastic responses of P675 SS
and 303 SS (Fig. 3). P675 SS had a higher yield strength
(1300 MPa) than 303 SS (600 MPa), but had a lower strain
hardening rate (n = 0.064) than 303 SS (Ep = 1183 MPa).
This caused the strain gradient to be slightly more severe
below the Vickers indent tip in 303 SS (due to higher strain
hardening), but more spread out (lower yield strength) when
compared with P675 SS (Fig. 6).
The plastic strain gradient along the center line of each
macro-indent plastic zone was used to predict the increase

Fig. 5. Plastic strain contours beneath: (a) a macro-Vickers indent for P675 SS and (b) a macro-Rockwell C indent for 303 SS, respectively. Indent depths
match those of the experimental macro-indents.
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Fig. 6. Plastic strain contours below micro-Vickers indents of: (a) P675 SS and (b) 303 SS. Plastic strain contour depth is non-dimensional with respect to
indent depth. These plastic strain gradients were used to determine the representative plastic strain er (via Eq. (2)) induced by the micro-Vickers indents.

in micro-Vickers hardness using Eq. (1), where eip is the
initial equivalent plastic strain along the center line of the
plastic zone (Fig. 5) and er is the material-speciﬁc representative plastic strain induced by the individual micro-Vickers indents (Fig. 6) at each micro-indent location. The
predicted micro-indentation hardness values were compared with the experimentally measured hardness values
along the center line of the plastic zone as shown in
Fig. 7. There was good agreement between these values
for both the Vickers and Rockwell C macro-indents, which
validates the use of a material-dependent representative
plastic strain.
The increase in indentation hardness as a function of
plastic strain could be calculated using these results. Such
information is useful in metal forming processes where
local hardness measurements can be used to estimate the
magnitude of equivalent plastic strain on a cold formed
part [5]. The calculated Vickers hardness values as a function of plastic strain for P675 SS and 303 SS are shown in
Fig. 8.
6. Representative plastic strain of an initially plastically
deformed material
In the previous section the representative plastic strain er
was added to the initial local plastic strain eip to calculate
the increase in micro-Vickers hardness (as per Eq. (1))

Fig. 8. Vickers indentation hardness as a function of equivalent plastic
strain for P675 SS and 303 SS.

because the micro-indent plastically deformed and further
strain hardened the initially plastically deformed region
[2,5,9]. The representative plastic strain induced by the
micro-Vickers indent was independent of the magnitude
of the initial plastic strain of the indented material. To
illustrate this point, the micro-Vickers indents at points
along the center line of the plastic zone of the P675 SS
macro-indent were simulated. At each location a uniform
distribution of initial equivalent plastic strain magnitude
over the small area of the micro-indent was assumed. The
calculated equivalent plastic strain magnitudes at locations

Fig. 7. Comparison between measured vs. predicted micro-Vickers hardness within the plastic zones of: (a) Vickers macro-indent for P675 SS and (b)
Rockwell C macro-indent of 303 SS.
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A and B were 0.02 and 0.146, as illustrated in Fig. 5a, and
the experimentally measured Vickers hardness values were
442 and 470 HV, respectively (Fig. 7a). The same FE mesh
of Vickers indentation from Fig. 4a was used again for the
simulations of the micro-Vickers indents of the pre-strained
points (A and B), except radial plastic strain magnitudes of
0.01 and 0.073 were now applied to plastically strain
harden the material to the equivalent plastic strain states
of 0.02 and 0.146, respectively, prior to indentation
(Fig. 9), as predicted by Cauchy’s strain displacement
equations. The elastic recovery was also simulated in order
to keep residual stresses close to zero in these models, to
avoid any inﬂuences due to residual stresses on the calculation of the additional plastic strain due to the Vickers
indent.
The modiﬁed Eq. (2) is then written as:
P
ðej  eip ÞV j
P
er ¼
ð3Þ
Vj
where eip is the initial equivalent plastic strain magnitude
(0.02 or 0.146) of the indented material, which must be subtracted from the total equivalent plastic strain at every
point within the new plastic zone to determine the contribution of the additional plastic strain induced by the Vickers micro-indent at locations A and B. The representative
plastic strain induced by the Vickers micro-indent was
calculated and found to be the same as that of the virgin
material, i.e. er = 0.052 for both points A and B of the
pre-deformed P675 SS material. Fig. 10 shows the additional plastic zone induced by the Vickers micro-indent at
point B with an initial pre-plastic strain of 0.146. Note that
the plastic strain gradient is similar to that of the virgin
material (Fig. 6a), in the sense that the plastic strain contours shown have an increased plastic strain magnitude
of 0.146 at relatively the same locations within its plastic
zone. However, the plastic zone in Fig. 10 is shallower with
respect to indent depth due to the strain hardening and increased yield strength of point B prior to indentation.
Interestingly, the representative plastic strain (average
additional plastic strain) remains the same as calculated
by Eq. (3).
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Fig. 10. Plastic strain contours of Vickers micro-indent on pre-plastically
strained P675 SS at point B in Figs. 5 and 7. Depth is non-dimensional
with respect to indent depth.

This exercise clearly demonstrates that the representative
plastic strain induced by a Vickers micro-indent is independent of the initial plastic strain within the indented material.
Even though this method has been shown to work for plastic
gradients induced by indents, it can also predict the
increased indentation hardness of any plastically deformed
region caused by compression, tension, torsion, bending
or complex cold forming processes, provided the loading
is not cyclical in nature (i.e. monotonic loading). Vickers
and Rockwell C macro-indentations were chosen in these
experiments because they are relatively simple and inexpensive to produce and can create controlled and convenient
plastic strain gradients with plastic strains as high as 0.4.
Such large plastic strains may otherwise be unobtainable
in tension or compression tests or other modes of deformation. The large hydrostatic stresses and conﬁnement associated with indentation prevent premature failure and make
these high plastic strains possible. Moreover, these plastic
zones are relatively small in size, which allows multiple tests
on a single specimen. Previous indentation methods did not
examine the plastic zone of pre-plastically deformed materials in this detail, nor has anyone veriﬁed the assumption that
the representative plastic strain used here is not a function of
initial plastic strain using ﬁnite element models of experimental Vickers indentation.
7. Conclusions

Fig. 9. Schematic of the micro-Vickers indent of a pre-strained material:
(a) region with the same initial equivalent plastic strain throughout the
material prior to indentation and (b) illustration of additional plastic
strain induced by the micro-indent.

Unlike previous methods, which attempted to ﬁnd a universal value of representative plastic strain for all types of
materials, the material-dependent average plastic strain of
a plastic zone caused by a Vickers indent has been shown
to be a valid representative plastic strain in the prediction
of Vickers indentation hardness. The method presented
here accurately predicts the increase in indentation hardness within the plastic zones of both Vickers and Rockwell
C indents for both linear and power law strain hardening
materials. The predicted indentation hardness compared
well with experimentally measured micro-Vickers indent
mapping for the plastic zones of P675 SS and 303 SS.
The simulations of the micro-indents along the center line
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of the plastic zone of the P675 SS material proved that the
representative plastic strain used here is independent of the
amount of prior plastic deformation of the indented
material.
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