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1. Abstract
This paper outlines a technique to generate ‘worst case’ imperfections for non-linear buckling analysis. It is based
on the analytical derivation and efficient computation of the Fréchet derivatives of the physical residual with respect to the full space of all possible design parameters. This overhead of sensitivity information is examined
by a singular value decomposition (SVD) in order to detect design changes with major and minor influence on
equilibrium. This knowledge enables the engineers to understand and improve structural behaviour and to detect
relevant geometrical conditions for buckling analysis. Local and global imperfections can be distinguished. Geometrical constraints like prescribed denting shapes and thickness imperfections can be considered to study the
corresponding effects on buckling. The most unfavourable imperfection can be found also in situations where the
mentioned properties are combined . The generic concept is applied to structures modelled using non-linear solid
shell elements. Numerical examples illustrate the advocated theoretical concept.
2. Keywords: sensitivity analysis, singular value decomposition (SVD), imperfections, buckling.
3. Introduction
The pseudo load matrix (Fréchet derivative) is a well known quantity in sensitivity analysis of shape optimisation
problems. We analyse this matrix by a singular value decomposition (SVD) and show, that it contains additional
valuable information, which can be used to create imperfection modes for non-linear buckling analysis. Right singular vectors which correspond to the largest singular values are used as imperfection modes. Similar approaches
for shape and topology optimisation problems with applications to model reduction are presented by the authors in
[12, 11]. We restrict ourself to non-linear, elastic problems which are time independent. The central aspects of our
approach are commented on with references to literature. An overview and some remarks on the basics of SVD
and its applications in science are given by the authors in [12].
3.1. Classical analysis of structural stability
On solid shell element. A robust non-linear solid shell element based on a mixed variational formulation was proposed in [15]. Here, the Hu-Washizu functional, which includes a displacement field, an assumed strain field and
an assumed stress field, is employed. In contrast to [15], the independent stress and the enhanced assumed strain
interpolations are assumed to be orthogonal in the approach proposed in [16]. The element in the latter work is the
basis of the sensitivity analysis presented in [10].
On buckling analysis. Beginning with the pioneer work of Koiter [17] in 1945, a lot of research was done to understand the buckling and post-buckling behaviour of structures (also called structural stability analysis). Overview
articles on this topic are for example [6] and [22]. Branch switching, direct calculation of critical points and pathfollowing are widespread strategies in this field. A simple load control technique and supervision of the smallest
eigenvalue of the tangent matrix are satisfactory to solve the problems in this contribution.
On imperfections. Small deviations from the ideal shape are called geometrical imperfections or short imperfections. Only those (geometrical) imperfections are considered here. Imperfections may cause a dramatic reduction
in the buckling load and lead to catastrophic failure. Modern structural analysis software allows to study non-linear
buckling behaviour in the presence of imperfections. Here, the question arises what shape should the applied imperfection have (for a given amplitude) to lead to the smallest load-carrying capacity. With other words, what is
the ‘worst’ imperfection? As noted in [22], Koiter expected the most important influence on the behaviour of imperfect structure from mode shapes that correspond to the buckling mode of the perfect structure. This is the most
often used assumption analysing the structural stability up today, see for example international standards [7, 8].
The corresponding approach ‘is neither robust nor reliably accurate’ as discussed for shells in [24]. Therefore,
understanding the nature and effects of imperfections considering thin walled structures remains to be an area of
interest to date. A survey of this research field is given in [1], see also [6].
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3.2. Imperfections in structural optimisation
Structural optimisation is often used to increase the load-carrying capacity and the efficiency of thin walled structures. Unfortunately, such optimised structures are highly sensitive with respect to imperfections as demonstrated
in [25]. More details and examples on this topic are presented in [26]. In order to treat this problem, authors in
[21, 4] insert the imperfection sensitivity into the optimisation model. Stable designs are obtained maximising the
buckling load. In conclusion of that work a possible computation of the ‘worst’ imperfection shape is outlined.
For this purpose, the failure load must be minimised for a given structural design and varying imperfection shape.
A similar strategy was for example followed in [5]. Several approaches are proposed where unfavourable imperfections are computed as solutions of inverse problems, see for example [24].
3.3. SVD based imperfections
In contrast to the concept presented in [24], we do not solve any optimisation problem. However, we only use
a quantity which usually appears in gradient based structural optimisation to create imperfections. Thus, our approach does not cause extra iterations.
On sensitivity analysis. The variational approach to sensitivity analysis is the most challenging but advantageous
approach, see [13, 2, 3]. Here, the sensitivity information is derived on the continuous level and discretised to
yield the analytical expressions on the computational level. The notation of sensitivity matrix and pseudo load
matrix, see [3, 19, 20], are specially useful due to the intended application of SVD, i.e. to compute and examine the Fréchet derivatives with respect to the complete space of design parameters. For continuum elements all
required variational and discrete quantities are derived in [18], considering non-linear elasticity. Variational sensitivity analysis and especially the derivation of the pseudo load matrix of the non-linear solid shell element used in
this contribution is presented in [10].
On ‘worst case’ imperfections. It is well known that the ‘worst case’ imperfection in its true sense does not exist,
see [23]. Nevertheless, we use the term ‘worst’ in the specified sense described below. From optimisation point
of view imperfections are variations of design. We consider a perfect structure which is in equilibrium with applied loads and hold the state functions fixed. In this situation, shape changes which would disturb equilibrium
most of all are considered to be the best candidates for imperfections. The pseudo load matrix describes how the
equilibrium reacts (output) on an imposed design modification (input). We analyse this input-output system by a
singular value decomposition (SVD). This way the ‘worst’ imperfection or the one with the biggest influence on
equilibrium can be found. The corresponding imperfect structure is analysed and the critical load is computed.
On design velocity fields. Computer aided geometric design (CAGD), see for example [9], is usually employed
in shape optimisation to restrict the design space. Following this concept coordinates of finite element nodes are
functions of some CAGD parameters like coordinates of control points or some radii. These parameters are used
as design variables formulating the shape optimisation problem. For the corresponding sensitivity analysis derivatives of coordinates of FE-nodes with respect to CAGD parameters are necessary. This derivatives are called design
velocity fields and translate sensitivity information of one set of design variables to an other. In this contribution
velocity fields are used to create ‘worst’ imperfections of only some parts of a structure.
4. Stability of equilibrium
Stability conditions for equilibrium are presented for variational and discretised cases.
4.1. Variational relations
In context of structural optimisation, Π(v, X) is the energy (Hu-Washizu) functional which is non-linear with
respect to variables v ∈ V and X ∈ X . It is defined on Hilbert spaces V and X , i.e. J : V × X → R. Generalized
functions for the state v and for the design X are introduced here in an abstract sense. If Π(·) is a differentiable
functional on V, the following notation is used for first and second partial variations (i.e. directional derivatives or
Gâteaux derivatives) with respect to the state
d
Π(v + εη, X) − Π(v, X)
=
Π(v + εη, X)
ε→0
ε
dε

0

,

Πv (v, X; η) := lim
0

0

Πv (v + εµ, X; η) − Πv (v, X; η)
d 0
=
Π (v + εµ, X; η)
ε→0
ε
dε v

00

(1)

ε=0

Πvv (v, X; η, µ) := lim
0

.

(2)

ε=0

The quantity R := Πv (v, X; η) is linear with respect to η and is called physical residual. The tangent physical
00
stiffness operator is defined as k := Πvv (v, X; η, µ) and is linear with respect to η and µ. A stable solution of
a non-linear structural analysis problem is reached if the energy functional obtains a strong local minimum with
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respect to v. This state is characterised by the following conditions
R = 0 and

k > 0.

(3)

Here, the first condition forces the equilibrium of the structure. The second one means that small perturbations of
v should not lead to an energy decrease.
4.2. Discretised relations
Systems of non-linear, partial differential equations are usually solved by using the finite element method, see for
example [29]. The corresponding discretisation and the subsequent assembly of all element contributions lead to
the physical residual vector R ∈ Rn and to the symmetric, tangent physical stiffness matrix K ∈ Rn×n with the
number of degrees of freedom n. Taking into account displacement boundary conditions one obtains a reduced
stiffness matrix K r ∈ Rr×r with r < n. In the following, the smallest eigenvalue of K r is noted by γ. Stability
conditions given in equation (3) can be formulated considering discrete quantities
R = 0 and

γ > 0.

(4)

Hereby, the equilibrium is expressed by n equations and stability is forced by positive definiteness of K r . The
loads are usually scaled by a parameter λ > 0 to compute load deflection curves considering non-linear behaviour.
Therefore the eigenvalue γ(λ) depends on the load parameter. Unstable states are indicated by γ(λ) ≤ 0. In this
contribution, we restrict ourself to the computation of the first instability point. In this case, the load parameter is
gradually increased in an interval 0 < λ ≤ λc . The value λc with γ(λc ) = 0 indicates the first instability point and
is called the critical load (only in this context). The bisection method is used to reduce the numerical effort and to
compute an accurate value λc . An eigenvector of the reduced stiffness matrix K r which corresponds to γ(λc ) = 0
is called buckling mode.
5. Pseudo load and its interpretation
Variational design sensitivity analysis is a branch of structural optimisation. Here, variations of the material configuration δX are considered and the changes of an arbitrary objective functional J(v(X), X) are observed. Its
total partial variation with respect to X is
DX J(v(X), X) · δX =

∂J dv
∂J
· δX +
· δX
∂X
∂v dX

(5)

and its total variation is given by
0

0

0

J (v, X; δv, δX) = Jv (v, X; δv) + JX (v, X; δX).

(6)

dv
· δX is unknown. However, for a given solution X and v the
dX
weak form R(v, X; δv) = 0 must be invariant with respect to variations δv̄ and δX. Its total variation is
In both cases, the variation of the state δv =

0

0

0

R = Rv + RX = 0.

(7)

Variations of the physical residual
0

k(v, X; δv, δv̄) := Rv (v, X; δv, δv̄) and

0

p(v, X; δv, δX) := RX (v, X; δv, δX)

(8)

are the well-known tangent physical stiffness operator k and the tangent pseudo load operator p for the physical
problem. Considering the equation (7) and the above definitions we obtain a variational equation for the sensitivity
of the state due to changes in the design as follows
k(v, X; δv, δv̄) = −p(v, X; δv, δ X̄).

(9)

For a given variation in the design δ X̄, we can compute the variation in the state δv̄. This is the main purpose
of the pseudo load. Discretisation of operator p leads to the pseudo load matrix P ∈ Rn×m with the number of
design variables m. This matrix defines an input-output system
dR = P dX̂.
A given perturbation in design dX̂ (input) yield perturbation in equilibrium dR (output).
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(10)

6. Inner structure of sensitivities
We consider the pseudo load matrix P ∈ Rn×m . Its singular value decomposition is a factorisation
min(m,n)

X

T

P = Y ΣZ =

σi y i z Ti ,

(11)

i=1

where Y is a n × n matrix, Σ is a n × m diagonal matrix with non-negative numbers σi (singular values sorted in
decreasing order) on the diagonal and Z is a m×m matrix. The matrices Y and Z contain a set of orthonormal left
y i and right z i singular vectors of P with Y −1 = Y T and Z −1 = Z T . We utilise singular value decomposition
in equation (11) to analyse the input-output system in equation (10). If the perturbation in design is equal to the
k-th right singular vector dX̂ = z k we obtain the corresponding perturbation in equilibrium as follows


min(m,n)
X
dR = 
σi y i z Ti  z k = σk y k
with kdRk2 = kσk y k k2 = σk .
(12)
i=1

These relations are valid because of the orthonormal basis z i with i = 1, ..., m. We note that inputs (shapes) which
correspond to the largest singular values have an extraordinary impact on equilibrium.
A detailed discussion on the interpretation of pseudo load and sensitivity matrices by means of SVD is presented
by the authors in [12] for shape optimisation and in [11] for topology optimisation problems.
7. On ‘worst’ imperfections
Usually, the pseudo load matrix is calculated with respect to coordinates of all finite element nodes X̂ as design
variables. In this case the highest degree of freedom for design changes is considered. Such design space is used
for example in [5] to create imperfections.
7.1. Global imperfections
One has to violate the conditions (4) to create ‘worst’ imperfections. Most of the proposed techniques on this
topic try to affect the smallest eigenvalue γ of the tangent physical stiffness operator, see for example [14, 4, 27,
21, 5, 28, 24]. The strategy followed in this contribution is to disturb the equilibrium condition R = 0. For this
reason the first instability point of the perfect structure is determined. The corresponding load parameter λc and
the state function v are considered to be fixed. What shape changes would disturb equilibrium most of all in this
situation? The pseudo load matrix P is computed for load level λc to answer this question. The most unfavourable
values of the chosen design variables are obtained by using SVD and computing right singular vectors which corresponds to the largest singular values of the pseudo load matrix. The amplitude of such an imperfection must be
chosen by the engineer and the corresponding imperfect model is analysed again to detect the first instability point.
7.2. Local imperfections
In different situations one is interested in local design changes like imperfections of certain parts of a structure or
only in thickness imperfections. In other cases one wants to study certain shapes of imperfections like waves or
denting, see for example [24]. These cases delineate the main application area of the presented method. Hence,
the concept of so called design velocity fields well-known in shape optimisation is utilised to modify the pseudo
load matrix which was computed with respect to node coordinates. Following this concept a map is defined
Ψ : Rs −→ Rm

X̂ = Ψ(w) with

(13)

where the coordinates of FE nodes are functions of s new design variables w. Utilising the chain rule we obtain
the pseudo load matrix with respect to new design variables
P̄ = P

dX̂
= PV
dw

with P̄ ∈ Rn×s .

(14)

Here, the quantity V ∈ Rm×s is called velocity field matrix, where the i-th column is the velocity field for the new
design variable wi . In cases where only imperfections of some parts of a structure are considered, velocity field
matrix is a simple Boolean matrix and can be created using standard selection tools.
8. Computational aspects
Usually the element pseudo load matrices P e are computed together with the element stiffness matrices K e in the
element routine and assembled parallel to each other. These matrices cause the same numerical effort. The pseudo
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load matrix is a sparse matrix and its population is comparable with that of the stiffness matrix. The O−notation is
used to describe the numerical effort for SVD. The full singular value decomposition of a square matrix A ∈ Rn×n
requires O(n3 ) floating-point operations (flops). The pseudo load matrix is usually a rectangular one. The first
dimension of matrix P ∈ Rn×m complies with the number of degrees of freedom. The second one is equal to the
number of design variables. If we assume that n ≥ m than O(nm2 ) flops are necessary to compute SVD. For the
presented method only computation of the first k right singular vectors is necessary. This is beneficial to reduce
numerical effort. A number of SVD algorithms exist (for example in MATLAB) which make it possible to work
with sparse matrices and to compute only some first k singular values and the corresponding right singular vectors.
The numerical effort is than approximately of O(nmk) and is comparable with the cost of computing buckling
modes.
9. An illustrative example
The proposed strategy is clarified by considering the compressed cylinder in figure 1. Here, only 3/4 of the model
is visualised. The example is unit less but the dimensions and material properties are chosen so that the structure
corresponds to a part of a PET bottle. The height is h = 12, the radius is r = 4 and the thickness is t = 0.015.
The free edge of the structure is stiffened with a ring (hr = 1.2, tr = 0.15) to enforce buckling within the surface.
All bottom nodes are fixed in all directions. A St. Venant material with Young’s modulus E = 350 and Poisson’s
ratio ν = 0.4 is assumed. The critical load λc is the load resultant and is to be calculated for perfect and imperfect
designs.

Figure 1: A compressed cylinder
9.1. Analysis of the perfect structure
The critical load parameter λc of the perfect structure is determined for different mesh sizes, see figure 2a. A good
approximation is reached using a mesh with 6050 elements. The eigenvalue decomposition of the reduced tangent
stiffness matrix at load level λc provides eigenvectors which are the buckling modes. For meshes with 800 and
6050 elements the corresponding buckling modes are pictured in figure 2b-c.
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(a) Convergence study for buckling load

(b) Mode B1, 800 el.

Figure 2: Buckling loads and modes of the perfect structure
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(c) Mode B1, 6050 el.

9.2. SVD of pseudo load matrix
The pseudo load matrix is also computed at the load level λc and is decomposed by singular value decomposition.
The corresponding singular value distribution is pictured in figure 3a for a mesh with 6050 elements. The first and
last data points are marked with a star. As one can recognise, some first right singular vectors as inputs have an
extraordinary impact on outputs. The first singular vectors are pictured for different meshes in figure 3b-c. These
modes show the same mesh dependency as buckling modes in figure 2b-c.
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(a) Singular value distribution, 6050 el.

(b) Mode P1, 800 el.

(c) Mode P1, 6050 el.

Figure 3: Singular value decomposition of the pseudo load matrix
9.3. Analysis of the imperfect structure
The buckling mode B1 pictured in figure 2c, the first singular vector P1 pictured in figure 3c and the second vector
P2 are scaled to a certain amplitude and applied as imperfections to the cylinder. The corresponding imperfect
h
structures are analysed again and the critical load parameters are computed. For amplitudes 0 ≤ a ≤ 200
the
corresponding critical loads λc are pictured in figure 4a. These curves are results of parameter studies and should
not be confused with convergence plots. As one can see, buckling mode B1 provides ‘worst case’ imperfection
h
h
for amplitudes 0 ≤ a ≤ 600
. If the amplitude is a ≥ 600
, vectors P 1 and P 2 are the better choice to create
imperfections. The main result of this study is that right singular vectors of the pseudo load matrix are suitable
to create imperfections. Following this idea it is possible to generate the ‘worst’ imperfections of only some parts
of a structure. For example, we consider the area of the cylinder between the planes in figure 4b. The ‘worst
case’ imperfection of this area is pictured in figure 4c and was determined as the first right singular vector of the
modified pseudo load matrix P̄ corresponding to equation (14).
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(a) Critical loads as functions of amplitudes, 6050 el.

(b) Area of interest, 800 el.

(c) Mode P1

Figure 4: Properties of SVD based imperfections
10. Conclusions
The pseudo load matrix contains full sensitivity information which can be analysed and interpreted using its singular value decomposition. This matrix defines an input-output system with changes in design as input and distortions
in equilibrium as output quantities. The most significant modes can be identified and used as imperfections for
non-linear buckling analysis. In contrast to buckling modes it is possible to analyse the ‘worst’ imperfections of
only some parts of a structure and of design parameters like thickness. For this reason the pseudo load matrix is
6

transformed employing velocity fields known in shape optimisation. Despite of using SVD the numerical effort
for such modes is comparable with the computation of buckling modes because only some first singular values and
vectors are computed.
11. Acknowledgements
We gratefully acknowledge the support of the German Research Foundation (DFG) under grant no. BA 1828/5-1.
12. References
[1] A RBOCZ , J., AND J R , J. S. Future directions and challenges in shell stability analysis. Thin-Walled Structures 40, 9 (2002), 729 – 754.
[2] BARTHOLD , F.-J. Zur Kontinuumsmechanik inverser Geometrieprobleme.
[3] BARTHOLD , F. J. Remarks on variational shape sensitivity analysis based on local coordinates. Engineering
Analysis with Boundary Elements 32 (2008), 971–985.
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