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1. Abstract
In this research, an optimization methodology is proposed for the piezoelectric transducer layout and
length of energy-recycling type semi-active vibration control system for a space structure. The design
variables are set as the length of the piezoelectric actuator on each truss element. Physical properties of the
actuator are formulated as the function of the design variables. The vibration analysis problem of the truss
structure is formulated based on the transient response analysis using the modal method. The objective
function is set as the integration of the square of all displacement over the whole analysis time domain.
The sensitivity of the objective function is derived based on the adjoint variable method. Based on these
formulations, an optimization algorithm is constructed using the method of moving asymptotes (MMA).
Numerical examples are provided to illustrate the validity and utility of the proposed methodology.
2. Keywords: Semi-active vibration control, Piezoelectric transducer, Truss structure, Optimization
3. Introduction
Vibration suppression is one of the most important subjects in designs and operations of space structures.
Due to the launch limit of the rocket, such structure might have extremely light weight and it could lead
to the small stiﬀness which is easily vibrated. Moreover, diﬀerent from the earth, vibration energies are
hard to be scattered in the space vacuum environment. These problems could be overcome by vibration
control methodologies. A large number of researches on synthesis of piezoelectric transducer (PZT) and
electric devices, which is the most major structural vibration suppression methodology, were performed
[1, 2]. PZTs attached to or embedded in structures can convert mechanical energy into electrical energy
or, conversely, electrical energy into mechanical energy. They have been extensively utilized as actuators,
sensors, and transducers for various purposes.
The vibration control methodology can be catabolized into three types as follows: the active type, the
passive type and the semi-active type. For active vibration suppression, a voltage or an electric charge has
to be supplied from an external energy source to PZTs. It basically has the largest vibration suppression
eﬀect. However, for special structures that have limited energy sources, such as space structures and seabased platforms, it is imperative to minimize energy consumption. Moreover, since the accurate model of
the large space structure is hard to be constructed due to the diﬃculty of preliminary experiments and
the manufacturing error of the structure in the space, non-robust active vibration system might show the
unstable behavior.
On the other hand, since passive method does not supply energy to the system, the passive system
is always stable. A passive vibration control is easier to be implemented in actual systems than active
vibration control system, because it does not require any controllers, sensors, or ﬁlters. However, in most
cases, its vibration suppression eﬀect is inferior to the one of the active control system and it might not
provide enough performance.
The third type is the semi-active vibration control which dynamically changes the property of the
structure according to the feedback of the state without adding extra energy. Semi-active systems are
usually able to achieve higher performance than pure passive methods without the disadvantages of active
systems. Outlines of the various methods categorized into semi-active type can be found in comprehensive
reviews [3, 4].
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In this research, some works on semi-active vibration suppression having energy recycling eﬀect with
a circuit switching are focused [5, 6]. In these methodologies, semi-active controllers composed of piezoelectric materials and switchable circuits whose ON-OFF is controlled according to the state of the
controlled target. On the other hand, the design methodologies of control systems, such as the placement
optimization of sensors and actuators, based on numerical techniques have long been studied (e.g. [7, 8]).
The integrated optimization of the control system and the controlled structure also well studied (e.g.
[9, 10, 11]). These methodologies could strongly contribute to the increase of the vibration suppression
eﬀect or the reduction of the devise cost. However, active or passive type methodologies are mainly
treated in these optimizations. Thus the design methodology for the semi-active vibration suppression
systems still has the room to be studied. Of course, the optimization methodology for switching based
energy recycling method is still open problem. In this kind of control systems, the electric charge stored
in the PZT could change drastically, the unique design methodology diﬀerent from the one of active or
passive can be required.
In this research, we construct the optimization methodology of the energy-recycling type semi-active
vibration control system for a space structure proposed in [5]. First, the design variables are set as the
length of the piezoelectric transducer (PZT) on each truss element. Physical properties of the actuator
are formulated as the function of the design variables. Then, the vibration analysis problem of the truss
structure is formulated based on the transient response analysis using the modal method. The objective
function is set as the integration of the square of all displacement over the whole analysis time domain.
The sensitivity of the objective function is derived based on the adjoint variable method [12, 13]. Based
on these formulations, an optimization algorithm is constructed using the method of moving asymptotes
(MMA) [14]. Finally, we provide numerical examples to illustrate the validity and utility of the proposed
methodology.
4. Numerical modeling of energy-recycling semi-active vibration control systems
4.1 Formulation of piezoelectric transducer
In this research, a space frame truss structure with some PZTs for vibration control is assumed as the
design target as shown in Fig.1. First, the formulation of the element composed of the piezoelectric
transducer on the truss structure is deﬁned. In this research, let us consider the rod type PZT containing
piezoceramic as shown in Fig.2. The PZT is connected to truss material and forms one rod element
connecting two node of the structure. The integrated structure is modeled on having only axial stiﬀness
and piezoelectric eﬀect in the numerical analysis. Thus, piezoelectric eﬀect of the PZT is formulated in
the context of the truss element.
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Figure 1: Vibration suppression target structure
Let lp and δlp be the length and elongation of the PZT respectively, the equations of state of the PZT
with stacked piezoceramics is formulated as follows [15]:
fp = kp δlp − bp Q
Q
V = −bp δlp +
Cp
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Figure 2: Outline of piezoelectric transducer (PZT) connected with a truss
where
Ap ϵ33
lp (ϵ33 s33 − d33 2 )
d33
bp =
np (ϵ33 s33 − d33 2 )
kp =

Cp =

Ap n2p (ϵ33 s33 − d33 2 )
lp s33

(3)
(4)
(5)

and fp is the axial force applying to the PZT, kp , bp , Cp , V , Q and Ap are axial stiﬀness, piezoelectric
coeﬃcient, capacitance, voltage, electric charge and cross-sectional area of the PZT respectively, s, d
and ϵ are compliance, piezoelectricity and permittivity of the material of PZT, np is the number of the
piezoceramic stacks.
Here we assume that the PZT and the truss element have the same axial stiﬀness for simplicity. Let
l and δl be the length of the rod containing the PZT, the elongation of the PZT is formulated as follows:
δlp =

lp
δl
l

(6)

4.2 Equations of state of truss structure with PZTs
The structure is composed of ne linear truss elements having nn node points and np PZTs. Let m be the
degrees of freedom of this model. Considering displacement vector u at the nodes and the electric charge
vector Q at the PZTs as the state variables, the following equation of motion and piezoelectric equation
are considered as the equations of state:
Mü + Cu̇ + Ku = Bp Q
V = −Bp u + Cp
T

−1

Q

(7)
(8)

where M is a mass matrix, C is a damping matrix, K is a stiﬀness matrix, Bp is a piezoelectric coupling
matrix, V is a electric potential vector and Cp is a capacitance matrix.
For the sake of the numerical eﬀectiveness and vibration suppression based on the modal coordinate
system, the displacement u in the global coordinates is transformed into the modal displacement q as
follows:
u = ϕq

(9)

ϕ = [ϕ1 , ϕ2 , ..., ϕm ]

(10)

where

and ϕk is the k − th eigenvector of the following eigenvalue problem:
(K − ωk2 M)ϕk = 0

(11)

ϕTk Mϕk = 1

(12)

where
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and ωk is k-th eigenfrequency. Substituting Eq.(9) into Eq. (7) and multiplying ϕT to it from the left,
the following modal equation of state with the modal displacement q is obtained.
1

q̈ + 2ΞΩ 2 + Ωq = ϕT Bp Q

(13)

2
Ω = diagonal[ω12 , ω22 , ..., ωm
]

(14)

Ξ = diagonal[ξ1 , ξ2 , ..., ξm ]

(15)

where

4.3 Energy-recycling semi-active vibration control
The energy-recycling semi-active vibration control used for the control strategy of the vibration suppression of the structure [5] is outlined here. In this methodology, additional coil and switch are set for each
PZT. Each PZT is modeled as series connection of a voltage source, a capacitor and a resistor. Thus
each circuit is modeled as LCR-circuit with a switch as shown in Fig.3. Let Q be the state variable, the
state equation for all circuits is represented as follows for the two states, the switch is on and oﬀ:
When a swich is on :

Li Q̈i + Ri Q̇i + Ci−1 Qi = (Bp T u)i

When a swich is oﬀ :

Q̇i = 0

(16)
(17)

where Li , Ri and Ci are inductance, resistance and capacitance the circuit of i-th PZT, (Bp T u)i is axial
elongation of i-th PZT actuator. Here, we assume that the resistance of PZT is dominant in the circuit
and the resistance of the coil can be ignored. The switch is operated to achieve the feedback control for
vibration suppression partially based on the active control theory. The electric charge is stored to the
PZT eﬀectively by changing the polarity of the charge. Charging polarity is controlled by the switches of
circuits of each PZT. Let us the target electric charge of the i-th PZT be QT i in this semi-active control,
the operating low for the switch of the circuit for i-th piezoelectric actuator is formulated as follows:
When QT i Vi < 0 turn on the switch for a duration of π/ωci

(18)

where ωci is an eigenfrequency of the circuit of i-th PZT. The strategy of this methodology is to control
the switch of the circuit so that Qi has the same sign as QT i and the absolute value of Qi is as large
as possible. After the switch is turned on, Qi begins to decrease when Vi is positive, while Qi begins to
increase when Vi is negative. However, the decrease (or increase) in electric charge Qi does not continue
for long due to electric oscillation. Assuming that the electric oscillation is much faster than the structural
one, the variation of electric charge can be ﬁxed to its maximum value if the switch is turned at the half
period of the electric oscillation. Figure 4 shows the relationship between the displacement and the
electric charge when the sinusoidal displacement is forced to the actuator and the target electric charge
is set according to direct velocity feedback, that is, QT i = −αd˙i , where α is an arbitrary positive gain.
i

C

L

R

V

PZT part

Figure 3: Outline of LCR circuit of each PZT
In the multi-degrees of freedom system, QT i is decided according to the linear quadratic regulator
(LQR) control theory. The state equations in modal coordinate is rewritten in as follows considering
4
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Figure 4: Outline of variation of displacement and electric charge in energy recycling semi-active vibration
control
electric charge Q as control variable QT :
ż = Az + BQT

(19)

where
[

0
−Ω

I
z=
1
−2ΞΩ 2
[
]
q
A=
q̇
[
]
0
B=
ϕT Bp

]

QT = [QT 1 , QT 2 , ..., QT np ]T
That is, the optimal QT is obtained as the minimizer of the following cost function.
∫
J = zT W1 z + QT T W2 QT dt

(20)
(21)
(22)
(23)

(24)

Using the positive deﬁnite solution P of the following Riccati equation:
PBp W2−1 P − AT P − PA − W1 = 0

(25)

QT = −Fz

(26)

F = W2−1 Bp T P

(27)

QT is calculated as follows:

where

5. Optimization methodology
5.1 Design variables
In this research, we intend to obtain the optimal layout and length of piezoelectric actuators. Based on
the concept of ground structure approach [16] of truss structure, the candidates of the layout position
are set on all truss elements constructing the target structure. That is, np equals to ne here. The lengths
of the PZT on each truss are considered as design variables. Very small design variables represent nonexistence of PZT in this method. The following length ratio vector between total bar length and the PZT
r is regarded as design variable.
r = [r1 , r2 , ..., rnp ]
5

(28)

where
lpi
li
≤ ri ≤ 1

ri =
rmin

(29)
(30)

and rmin is the minimum value of ri . The piezoelectricity bpi , capacitance Cpi and resistance Ri in
Eqs.(13) and (16) depend on the length of the PZT. Assuming that the number of stacks npi of the i-th
PZT is linear continuous function of ri as follows:
npi ≈ nmax i ∗ ri

(31)

where nmax i is the number of the stacks when ri = 1, they are represented as the function of ri :
b0 −1
b0
≈
r
npi
nmax i i
Api n2pi C0
Api n2max i C0
=
≈
ri
lpi
li
R0
R0 −1
Rpi =
=
r
npi
nmax i i
bpi =

Cpi

(32)
(33)
(34)

where
d33
ϵ33 s33 − d33 2
ϵ33 s33 − d33 2
C0 =
s33
b0 =

(35)
(36)

and R0 is the resistance of a piece of piezocelamic constructing stacks.
Note that, the Riccati equation in Eq.(25) contains the piezoelectric matrix Bp , the coeﬃcient matrix
F of the target value of electric charge can vary during optimization. However, for simplicity, the weighting
matrix W2 is set to make the Ricatti equation independent of the design variable as follows:
W2 = diagonal[r]

(37)

According to this setting, the Ricatti equation and the solution of it don’t vary during optimization.
5.2 Optimization problem
As the objective function F of this optimization problem, the time integration of the square norm of the
displacement vector is used as follows.
∫

T

||u||2 dt

F (r, u, Q) =

(38)

0

where T is the end time of evaluation. As discussed the former subsection, positive correlation is observed
between the PZT length and the vibration suppression eﬀect. Thus, the optimal solution could have all
possible PZTs with their maximum length. To suppress the total length of PZT, the length constraint is
here introduced. The optimization problem is represented as follows:
∫
r

T

||u||2 dt

minimize F (r, u, Q) =

(39)

0

Subject to
np
∑

ri lp ≤ lU

(40)

i=1

rmin ≤ ri ≤ 1 for i = 1, ..., np
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(41)

and lU is the upper bound for the total length of PZTs.
5.3 Sensitivity analysis
Since the design variables are updated using MMA, we requires the ﬁrst order sensitivity of the objective
function and constraints to perform the optimization. Since the derivation is lengthy, only the results
are shown here and the detailed derivation is shown in the Appendix. Using the adjoint variable method
[12, 13], the derivative of the objective function with respect to i-th design variable ri is formulated as a
function of the state variable Q and the adjoint variables λ and µ:
{
( )
(
) }
∫ T
∫
dF
∂Bp
∂
Ri
∂
1
=−
λT
Qdt +
µi
Q̇i +
Qi dt
(42)
dri
∂ri
∂ri Li
∂ri Ri Li
0
TSi
and TSi is the time when i-th swich is on. The adjoint variables are obtained by solving following adjoint
equations:
1

η̈ + 2ΞΩ 2 η̇ + Ωη = ϕT (Bp µs − 2u)
Ri
1
When the swich of i-th circuit is on : µ̈i −
µ̇i +
µi = −(Bp λ)i
Li
Li Ci
When the swich of i-th circuit is oﬀ : µ̇i = (Bp λ)i

(43)
(44)
(45)

where
{
µs = [µs1 , µs2 , ..., µsnp ]T ,

µsi =

When the swich of i-th circuit is on : µi
When the swich of i-th circuit is oﬀ : 0

(46)

λ = ϕη

(47)

η(T ) = 0, η̇(T ) = 0, µ(T ) = 0, µ̇(T ) = 0

(48)

Terminal conditions :

where (Bp λ)i is the virtual elongation of i-th PZT calculated from adjoint variable λ in global coordinate
system.
5.4 Algorithm
The optimization algorithm is constructed based on the above formulations. The eigenvalues and eigenvectors of the system in Eq.(11) and the feed-back matrix of LQR control theory in Eq.(27) are calculated
ﬁrst since they do not vary during optimization. In the optimization loop, the state equations and adjoint
equations are solved by the forth order Runge-Kutta method. The state equations are an initial value
problem, while the adjoint equations are a terminal value problem. The design variable are updated by
the method of moving asymptotes (MMA) [14] using the calculated sensitivity.
6. Numerical example
The following numerical examples are provided to conﬁrm the validity and the utility of the proposed
methodology using the truss structure shown in Fig.1. In all examples, aluminum truss element with the
stiﬀness 1.99 × 106 N and the length density 9.39 × 10−2 N/m is used. For the simplicity, the piezoelectric
actuator is assumed that having the same stiﬀness and density. Other properties of PZT in Eqs.(32)-(34)
are set as follows, b0 = 1.31 × 108 N/C, Api = 2.88 × 10−5 m2 , C0 = 2.28 × 10−7 F, R0 = 1.97 × 103 Ω and
nmax = 1300. The length of each bay is set as 0.38m. 0.5kg masses are mounted at all nodes of the 3-rd
and 4-th bay.
All eigenmodes are used to perform calculation in the modal coordinate system. During the optimization, the PZT are set to all truss elements. For simplicity, the maximum length of PZT is set to 0.38m
which equals to the length of the bay. The timestep for the integration is set to 1.0 × 10−5 s, which is
enough shorter than the period of the highest order vibration of the structure (4.88 × 10−4 s). The upper
bound for the sum of design variable in Eq.(40) is set to 13 which corresponds to 10% of maximum total
length of PZTs.
As the ﬁrst benchmark example, optimization of the PZT layout and length for the ﬁrst mode dom1
inant free vibration is performed. The initial modal velocity is set to 0.1mkg 2 to the ﬁrst mode and 0
7

to the other modes as the same with the previous. The weighting matrix W1 of LQR control theory in
Eq.(24) is set to W1 = diagonal[1, 1/ω12 ]. Figure 5 shows the optimal r of each PZT after 100 optimization iterations. The optimal length of each PZT is represented by the color of bars. Base truss structure
is plotted by chain lines. Figure 6 shows convergence history of the objective function. Long PZTs are
located on the upper and the lower side of the structure and the length constraint became active. Since
the highest axial force yield on the upper and the lower side of the structure in the ﬁrst order vibration,
this layout is mechanically reasonable. Moreover, the stable convergence is observed in Fig.6. It shows
that the proposed optimization procedure correctly worked in this example. Figure 7 shows the variation
of electric charge of the PZT located on the upper left side and the ﬁrst order modal displacement of the
optimal structure. Since the switching is performed near the peak of the displacement and the electric
charge is eﬃciently stored to PZT, the energy recycling semi-active vibration control certainly worked
well in this example.

Objective function

Figure 5: Optimal layout of PZT for the ﬁrst mode dominant vibration
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Figure 6: History of optimization for the ﬁrst mode dominant vibration

Optimizations for the other mode dominant free vibrations are also performed. In the optimization
1
for the second bending mode, the initial modal velocity is set to 0.1mkg 2 to the third mode and 0 to the
other modes as the same with the previous. The weighting matrix W1 of LQR control theory in Eq.(24)
is set to W1 = diagonal[1, 1/ω32 ]. In the optimization for the torsional mode, the initial modal velocity is
1
set to 0.1mkg 2 to the fourth mode and 0 to the other modes. Figure 8 shows the optimal r of each PZT
after 100 optimization iterations in each optimization. In Fig. 8(a), two separate segments of the long
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Figure 7: The history of the ﬁrst order modal displacement and electric charge stored in a PZT
PZT can be observed on the both upper and lower sides against the second-order bending vibration. In
Fig. 8(b), long PZTs are located on the diagonal members under torsional vibrations.

(a)

(b)

Figure 8: Optimal layouts of PZT for the second bending and torsional mode dominant vibrations
7. Conclusion
In this research, we constructed the optimization methodology of the energy-recycling type semi-active
vibration control system for a space structure. The design variables were set as the length of the piezoelectric actuator on each truss element. Physical properties of the actuator were formulated as the function
of the design variables. The vibration analysis problem of the truss structure was formulated based on
the transient response analysis using the modal method. The objective function was set as the integration
of the square of all displacement over the whole analysis time domain. The sensitivity of the objective
function was derived based on the adjoint variable method. Based on these formulations, an optimization
algorithm was constructed using the method of moving asymptotes (MMA). Numerical examples were
provided to demonstrate the validity of our method.
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