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1. Abstract
This paper proposed sequential approximate optimization (SAO) with radial basis function (RBF) network. In the
SAO, the sampling strategy is one of the important issues. The RBF network is used throughout the proposed SAO.
In order to find the unexplored region, new function called the density function is constructed. By minimizing the
density function, new sampling points are added around the unexplored region. The proposed SAO is applied to
the optimization of the variable blank holder force trajectory in deep drawing.
2. Keywords: Sequential Approximate Optimization, Radial Basis Function network, Sheet Forming, Variable
Blank Holder Force Trajectory
3. Introduction
In sheet forming, there are many factors that affect the quality of products, such as the Blank Holder Force (BHF),
the friction and lubrication conditions of the interface, and the die geometry. Among these factors, BHF plays a
key role in sheet forming. In most cases, a constant BHF is applied over the punch stroke. A lower BHF will cause
wrinkling due to excessive material flow into the die, while a higher BHF will lead to tearing due to the thinning.
Wang et al. [1] suggested that there are four basic windows for BHF formability, as shown in Fig.1. These
formability windows represent the relationship between the BHF and the punch stroke.
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Fig.1 Four basic BHF formability windows
In the formability windows shown in Fig.1(a), it is possible to form a sheet without wrinkling and tearing with an
appropriate constant BHF. It is impossible, however, to form a sheet with a constant BHF in other cases. In the
formability windows shown in Figs.1(b), and (c), particularly, the Variable Blank Holder Force (VBHF) approach,
in which the BHF varies throughout the stroke, is preferable. The formability windows shown in Fig.1 are
unknown, so that CAE with optimization techniques is a powerful tool. Numerous researches have been conducted
on the VBHF and VBHF trajectory with CAE and optimization techniques. They can be roughly classified into
two categories: One is based on the closed-loop type algorithms [2-4], and the other is based on the response
surface methodologies (RSM) [5-7]. VBHF trajectory with the closed-loop type algorithms is not formulated as a
mathematical optimization problem. Brief reviews on the closed-loop type algorithms can be found in Ref.[2]. In
contrast to the closed-loop type algorithms, RSM is one of the optimization approaches. We mainly focus on the
RSM approach for VBHF trajectory.
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Here, some issues to apply RSM to sheet forming are summarized as bellow:
(P1) In RSM approach, the forming limit diagram (FLD) is widely and commonly employed to evaluate the risk of
both wrinkling and tearing. The risk of both wrinkling and tearing are handled as one of the objectives. In some of
researches, the risk of tearing can be handled as the objective function. As the suggestion by Jakumeit et al. [8], it
is natural to handle the risk of both wrinkling and tearing as the constraint. In addition, we consider that wrinkling
and tearing should be evaluated separately.
(P2) In order to construct the response surface, the most of the researches employ the quadratic polynomial as the
response surface [9-11]. In general, sheet forming is highly non-linear phenomena, and the Gaussian-based RSM
such as Kriging and Radial Basis Function (RBF) network should be used.
(P3) In general, sheet forming simulation is a time-consuming task. Considering the application of the
optimization technique in industries, the RSM is a preferable and practical approach. Nowadays, SAO is widely
studied. In SAO, the response surface is constructed repeatedly by adding new sampling points. One of the
important topics in SAO is the sampling strategy.
In this paper, an optimal VBHF trajectory by SAO with the RBF network is determined. The objective function is
to minimize the thickness deviation between the initial and the final state of the blank. The risk of both wrinkling
and tearing is evaluated with the FLD. In addition, the risk of wrinkling and tearing is evaluated separately.
Therefore, the optimization problem considered here has two constraints. The BHF is partitioned through the
punch stroke, and the BHFs are taken as the design variables. The RBF network is employed to construct the
response surface. In SAO, global and local approximations will be achieved simultaneously through the sequential
sampling strategy. For local approximation, an optimum of response surface is added as the new sampling point.
For global approximation, several new sampling points are added around the unexplored region. In order to find
the unexplored region, a new function which is called the density function is developed with the RBF network. The
algorithm of the proposed SAO is proposed. The proposed SAO is applied to determine the VBHF trajectory.
LS-DYNA, which is one of the dynamic explicit Finite Element Analysis (FEA) codes, is employed in the
numerical simulation.
4. Sequential Approximate Optimization with Radial Basis Function network
In this paper, RBF network is used throughout the SAO procedure. First, RBF network is briefly described.
Secondly, new function called the density function is explained. An illustrative example is given for the better
understanding.
4.1. Radial Basis Function network
The RBF network is a three-layer feed-forward network. The output of the network fa(x) , which corresponds to the
response surface, is given by

f a ( x)   i 1 wi hi ( x)
m

(1)

where m represents the number of sampling points, hi(x) is the i-th basis function, and wi denotes the weight of the
i-th basis function. In this paper, the following Gaussian kernel is used as the basis function.
( x  xi )T ( x  xi )
(2)
hi ( x )  exp(
)
ri 2
In Eq(2), xi represents the i-th sampling point, and ri is the width of the i-th basis function. The response yi is
calculated at sampling point xi. The learning of the RBF network is usually accomplished by solving the following
equation:

E   i 1 ( yi  f a ( xi ))2   i 1 i wi2  min
m

m

(3)

where the second term is introduced for the purpose of regularization. It is recommended that i in Eq.(3) have a
sufficiently small value (e.g. i  1.0 103 ). Thus, the learning of the RBF network is equivalent to finding the
weight vector w. The necessary condition of Eq.(3) leads to the following equation:
(4)
w  ( H T H  Λ)1 H T y
where H, Λ , and y are given as follows:
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It is clear from Eq.(4) that the learning of the RBF network is equivalent to the matrix inversion ( H T H  Λ)1 . It
is easy to calculate the weight vector w, because the additional learning is reduced to the incremental calculation of
the matrix inversion.
4.2. Width in Gaussian kernel
The width in the Gaussian kernel plays an important role for good approximation. Nakayama proposed the
following simple estimate of width [12]:
d
(8)
r  n max
nm
where n denotes the number of design variables, m denote the number of sampling points, and dmax denotes the
maximum distance between sampling points. Eq.(8) is equally applied to all Gaussian kernel, thus, r1=r2=…=rm=r.
This equation may work well in the case of uniform distribution of the sampling points. However, most real
engineering problems show non-uniform distribution of the sampling points. We have examined Eq.(8), and have
proposed the following simple estimate [13]:
d j ,max
(9)
rj 
j  1, 2, , m
n n m 1
where dj,max denotes the maximum distance between the j-th sampling point and another one in the sampling points.
Eq.(9) is applied to each Gaussian kernel individually unlike Eq.(8). In Eq.(8), dmax is always constant in both the
uniform and non-uniform distribution of the sampling points. This implies that non-uniform distribution of the
sampling points cannot be taken into account. In contrast, dj,max is employed in Eq.(9), and non-uniform
distribution of the sampling points can be taken into account.
4.3 Density Function
In the SAO, it is important to find out the unexplored region for global approximation. The Kriging can achieve
this objective with the expected improvement (EI) function. In order to find out the unexplored region with the
RBF network, we have developed a function called the density function [13]. The basic idea is very simple. The
local maxima are generated at the sampling points. To achieve this objective, every output y of the RBF network is
replaced with +1. The procedure to construct the density function is summarized as follows:
(D-STEP1) The following vector y D  (1,1, ,1)Tm1 is prepared at the sampling points.
(D-STEP2) The weight vector wD of the density function D(x) is calculated as follows:
(10)
w D  ( H T H  Λ)1 H T y D
(D-STEP3) The density function D(x) is minimized, and the point minimizing D(x) is taken as the new sampling
point.

D( x)   j 1 wDj h j ( x)  min
m

(11)

Figure 2 shows an illustrative example in one dimension. The black dots denote the sampling points. It is found
from Fig.2 that local minima are generated around the unexplored region.
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Fig.2 Illustrative example of density function in one dimension
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4.4 Algorithm of SAO with RBF network
Figure 3 shows the detailed algorithm for SAO with the RBF network. In this paper, the terminal criterion of SAO
is determined by the maximum number of sampling points, mmax.
The proposed SAO algorithm is roughly divided into two phases. The first phase is used to construct the response
surface and add the optimum of response surface as a new sampling point. Thus, in the first phase, the number of
new sampling points is one that is the optimum of the response surface. The second phase is used to construct the
density function and add the optimum of the density function as a new sampling point. It should be noted that the
density function is constructed until the terminal criterion, which is described later, is satisfied. As a result, many
new sampling points will be added, according to the number of design variables, n .
Let us consider the first phase. First, the initial sampling points are determined by using the orthogonal array, the
Latin hypercube design (LHD), and so on. Assume that the number of sampling points is m. The RBF network is
employed to construct the response surface from m sampling points, and we find the optimum of the response
surface. The optimum of the response surface is directly taken as the new sampling point. In this phase, the number
of sampling points is updated as m= m +1.
Then, the second phase, in which the density function is constructed, is considered. The density function is also
constructed by the RBF network. The optimum of the density function is taken as the new sampling point, and the
number of sampling points is updated as shown in Fig.3. As show in Fig.3, the parameter count is introduced in this
phase. This parameter controls the number of sampling points that can be obtained by the density function. Thus,
in the proposed algorithm, the number of sampling points by the density function varies according to the number of
design variables. If the parameter count is less than int(n/2), this parameter is increased as count = count +1. The
terminal criterion in the second phase is given by int(n/2), where int() represents the rounding-off. If the terminal
criterion is satisfied, the number of sampling point m is compared with mmax. If the m is less than mmax, the
objective function and constraints are calculated as shown in Fig.5. Otherwise, the algorithm is terminated.
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Fig.3 Proposed SAO algorithm
5. Optimization of Variable Blank Holder Force Trajectory in Deep Drawing
The proposed SAO algorithm with RBF network is applied to the optimization of the variable blank holder force
trajectory in deep drawing. First, the Finite Element Analysis (FEA) model is described. Secondly, the design
optimization problem is formulated.
5.1 Finite Element Analysis model
An experimental test was performed with a constant BHF (=100 kN). SPFC440 (Steel Plate Formability Cold) was
selected as the test material for which the material properties are shown in Table 1. The material properties shown
in Table 1 are obtained through the experiment. In the experiment, the total length of stroke Lmax is 62 mm. The
stress-strain relationship is defined as follows:
(12)
  793 0.189
The blank size is 185 x 185mm, and the initial thickness is 1.20 mm. The square cup deep drawn part obtained in
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the experiment is shown in Fig.4(a), and its dimensions are shown in Fig.4(b). In this case, no wrinkling or tearing
can be observed.
Table 1 Material properties of SPFC440
3

-6

Density: ρ [kg/mm ]

7.84×10

Young's Modulus: E [MPa]
Poisson's Ratio: ν

2.06×10
0.3

Yield Stress: σY [MPa]

353

Tensile Strength: σT [MPa]

479

Normal Anisotropy Coefficient: r
Strain Hardening Coefficient: n

0.98
0.189
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All numerical simulations are performed with LS-DYNA. Considering the geometrical and material symmetry,
one fourth model is employed in the numerical simulation, as shown in Fig.5. The element type and the number of
finite elements are shown in Table 2. A constant friction coefficient  of 0.10 is used for all contact surfaces. The
penalty coefficient for contact is set to 0.10.
Table 2 Element type and number of finite elements
Number of finite
elements
Rigid
120
Rigid
924
Shell (Belytschko-Tsay)
2116
Rigid
432
Rigid
962
Element type

Counter punch
Die
Blank
Blank holder
Punch
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Fig.5 Finite element models
5.2 Design Variables
Total stroke Lmax is partitioned into n stroke. The BHF of the each stroke step is taken as the design variables. An
illustrative example of the design variables are shown in Fig.6.
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Fig.6 Design variables
5.3 Objective Function
In deep drawing, the maximum thinning can be observed at the corner parts of the punch, and will lead to tearing.
In order to prevent the tearing, it is considered that the minimization of the maximum thinning of the blank may be
valid. However, we cannot consider the thickness deviation of whole blank. According to Refs. [10, 11], the
thickness deviation by Eq. (13) is taken as the objective function.

( i 1 (ti t0  1) p )1 p  min
nelm

(13)

where nelm denotes the number of finite elements of the blank, ti denotes the final thickness of the i-th element, t0
denotes the initial thickness, and coefficient p  2, 4,6, is the parameter to emphasize the extreme of Eq.(13).
According to Ref.[11], p is set to 4.
5.4 Design Constraints
Many researches handle the risk of both wrinkling and tearing as the objective [6, 8, 10, 11]. In this paper, the risk
of both wrinkling and tearing is handled as the constraints, separately. Let us consider the FLD as shown in Fig.7.
In order to evaluate the risk of both wrinkling and tearing, the strains in the formed element are analyzed and
compared against the forming limit curve (FLC, as shown in Fig.7). We define the following FLC in the principal
plan of logarithmic strains proposed by Hillman and Kubli [14].
(14)
1  T ( 2 ) , 1  W ( 2 )
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where T is the FLC which controls tearing, and W is also the FLC which controls wrinkling. Both of them
depend on the material; they are generally given as knots data in tables. Then, the following safety FLC is defined:
(15)
T ( 2 )  (1  s)T ( 2 )

W ( 2 )  (1  s)W ( 2 )

(16)
where s represents the safety tolerance, and is defined by the engineers. If an element comes to or lies above FLC,
it is expected that a risk of tearing can be observed. Similarly, a risk of wrinkling can be assumed if an element lies
in the wrinkling region.
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Fig.7 Forming Limit Diagram (FLD)
In order to clarify which risks are evaluated, we separately evaluate the risk of both wrinkling and tearing. In this
paper, the following two constraints are formulated:
For tearing:

g1 ( x)  ( j 1 Tj )1 p
nelm

(17)

where

T j  (1j  T ( 2j )) p

1j  T ( 2j )

Tj  0

otherwise

(18)

For wrinkling:

g2 ( x)  ( j 1 W j )1 p
nelm

(19)

where

W j  (W ( 2j )  1j ) p

1j  W ( 2j )

Wj  0

otherwise

(20)

Like the objective function, p is set to 4.
6. Numerical Simulation
The lower and upper bounds on the design variables are set to 20 kN and 150 kN, respectively. The total stroke is
partitioned into six as follows:
0.00  L1  10.09 10.09  L2  21.07 21.07  L3  31.93
(21)

31.93  L4  41.61 41.61  L5  51.50 51.50  L6  62.00
Fifteen initial sampling points are determined with the LHD. The proposed SAO algorithm will be terminated at
thirty sampling points. The final VBHF trajectory with the proposed SAO algorithm is shown in Fig. 8 with the
forming process. In order to evaluate the wrinkling and the tearing, the safety tolerance s in Eqs. (15) and (16)
should be set. Two different safety tolerances are employed in numerical simulation. In Fig.8, the solid line is
VBHF trajectory with s=0.1, and the dashed line is the one with s=0.2.
It is clear from Fig.8 that the safety tolerance has little effect on the optimal VBHF trajectories. BHF drops down at
10.09 mm, and gradually rises up as the punch stroke proceeds. It is noteworthy that lower BHF is applied to the
blank during the corner parts forming for preventing tearing, while higher BHF is applied after the corner parts
have been formed for preventing wrinkling. The thickness distributions by two optimal VBHF trajectories are
shown in Fig. 9, and the FLD with s=0.2 is also shown in Fig.10.
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Fig.10 Forming Limit Diagram of the VBHF trajectory (s=0.2)
The errors at the optimal solution between response surface and numerical simulation are listed in Table 3. It is
clear from Table 3 that g1(x) (tearing) is more active than g2(x) (wrinkling). This implies that tearing is more
important constraint than wrinkling at the optimum solution. In industries, tearing directly leads to defective piece,
and then tearing is more undesirable issue than wrinkling. Therefore, tearing is more important than wrinkling.
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This optimization result is consistent with the comments of experts in industries.
Table 3 Errors between response surface and numerical simulation

Reponse Surface
Numerical Simulation
Error [%]

s

f (x )

0.1
0.2
0.1
0.2
0.1
0.2

6.29E-01
6.40E-01
6.12E-01
5.97E-01
2.86
7.09

g 1 (x )
(Tearing)
7.68E-03
3.55E-02
7.80E-03
3.50E-02
1.53
1.43

g 2(x )
(Wrinkling)
6.24E-02
1.00E-01
6.34E-02
1.02E-01
1.49
1.84

7. Conclusion
In this paper, the sequential approximate optimization procedure with the RBF network is employed to find the
optimal variable blank holder force trajectory. In the SAO, the sampling strategy is one of the important issues. In
this paper, the density function with the RBF network to find the unexplored region is developed. By minimizing
the density function, new sampling points are added around the unexplored region. The RBF network is used
throughout the proposed SAO procedure.
The proposed SAO was applied to the optimal VBHF trajectory of square cup deep drawing. In particular, the risk
of both tearing and wrinkling is separately handled as the constraints. It is noteworthy that lower BHF is applied to
the blank during the corner parts forming for preventing tearing, while higher BHF is applied after the corner parts
have been formed for preventing wrinkling. Through numerical simulation, no tearing and wrinkling can be
observed. It can be found from optimization result that tearing is more evaluated than wrinkling at the optimum
solution. In industries, tearing directly leads to defective piece, and then tearing is more undesirable issue than
wrinkling. Therefore, tearing is more important than wrinkling. This optimization result was consistent with the
comments of experts in industries.
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