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Abstract
In the practical design process, uncertainty in the parameters should be appropriately taken into account. In
particular, our interest focuses on design problems with dynamic analysis under uncertainty. One of the authors
presented a worst-case design of structures based on a random sampling approach, in which constraints are
assigned on the worst values of the structural responses. In this case, the optimization problem turns out to be a
two-level problem of optimization and anti-optimization. Key concept of the method is estimation of the worst
value by Random Search (RS) with order of the function values. The RS is the simplest and most obvious search
method; however, it has been also pointed out that the RS is impractical or less efficient. One of the reasons is the
difficulty of predicting the exact extremes from only the small samples. Indeed, the theoretical average waiting
time of a new record of extremes is infinite and by discarding other record values we lose an enormous amount of
information. We may not need such exact extremes in many practical situations. Aiming to improve the efficiency,
we relax from the worst value to the k th value. Then we can predict and control more accurately the behavior of
RS by using the k th order statistics. In a numerical example, we verify the validity of the estimation of the k th
worst value for adequate values of k and number of samples, which is referred to as the stopping rule of RS. The
result indicates use of relatively small samples is enough to predict the large number of future samples even for
two-level problem with the noisy and non-smooth dynamic analysis under uncertain parameters.
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1. Introduction
In the practical design process, uncertainty in the parameters should be appropriately taken into account. In
particular, our interest focuses on design problems with dynamic analysis under uncertainties. For example,
earthquakes are essentially uncertain phenomena. Lack of taking uncertainties of the seismic motions into
consideration may cause severe damage in building structures. It is known that transient dynamic analysis is not
suitable for conventional design optimization owing to the high computational cost, the difficulty of sensitivity
analysis and non-smoothness of the response functions (e.g., [1]). Furthermore, the uncertainty of the inputs makes
matters worse. It is highly desired to establish a design method for robust optimization which is applicable to
problems with time-consuming dynamic analysis under uncertain parameters.
For such purpose, one of the authors presented a worst-case design of structures based on a random sampling
approach, in which constraints are assigned on the worst values of the structural responses [2]. In this case, the
optimization problem turns out to be a two-level problem of optimization and anti-optimization. It was shown in
the numerical examples that a good approximate optimal solution is found by the method with relatively small
number of analyses when compared with Genetic Algorithm (GA) and Tabu Search (TS) [3]. Key concept of the
method is estimation of the worst value by Random Search (RS) with order of the function values.
The RS is the simplest and most obvious search method; however, there are still several important issues to deal
with. One of them is how we choose the stopping rule. An approach is to estimate the closeness of the current
record value of the objective function to its worst value, where the maximum value among the observations is
referred to as a record value. It has been also pointed out that RS is impractical or less efficient. Indeed, the
theoretical average waiting time of a better record is infinite and by discarding other record values we lose an
enormous amount of information. One of the reasons is the difficulty of predicting the exact extremes from only
the small samples. We may not need such exact extremes and prefer to know approximately good solution quickly
in many practical situations. In the previous study, the author used a stopping rule based on the Chernoff bound
under unknown probability distributions. A more sophisticated approach is to estimate the confidence intervals for
it by statistical procedures. We attempt to clarify the method proposed in [3] by using the k th order statistics and
provide its rigorous theoretical background.
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2. Two-level optimization problem
We first define a target optimization problem. The problem is a two-level problem of optimization and
anti-optimization, which is quite similar to the one in [3], but we treat continuous uncertainties in lower-level
anti-optimization problem. That seems intuitively to be a natural choice. Consider a problem of optimizing some
structural and/or material parameters of building structures, e.g., the cross-sections, the story shear strength, the
additional damping and so on, which may be selected from the pre-assigned list of standard specifications. The
properties are classified into m groups, each of which has the same values. The design variable vector is denoted
by J  (J 1, , J m ) , which has integer values. We incorporate uncertainties into the problem. The vector
consisting of uncertain parameters is denoted by   (1, , r ) , where r is the number of the uncertain
parameters. In particular, we assume that     r and 0  vol()   , i.e., the uncertain parameters are
continuous and bounded. Our formulation is different on this point since the uncertain models are assumed to be
discrete variables in [3].
For simplicity, the uncertainties are incorporated into only one constraint function g(J , ) , which is chosen to be
a structural response function. The other constraint functions are denoted by hi (J ) (i  1, , l ) , where l is the
number of constraints without uncertainties. The objective function is denoted by (J ) . The problem we are
interested in, may be described as

Minimize

(J )

subject to

g(J , )  g
hi (J )  hi

J m

for all   
(i  1, , l )














(1)

where g and hi (i  1, , l ) are given constants. Following the terminology in [2], we translate a two-level
problem of optimization and anti-optimization from the original problem (1). In this approach, the lower-level
anti-optimization problem is formulated for finding the worst value of the structural response. The worst value is
obtained by solving the following anti-optimization problem:

Find

g max (J )  max g(J , ) .

(2)



By using (2), we can formulate the upper-level optimization problem as

Minimize

(J )

subject to

g max (J )  g
hi (J )  hi

J m

(i  1, , l )














(3)

This type of formulations is well known in robust optimization and referred to as worst-case approach, bilevel
optimization [5], or robust counterpart approach [6] and so on. In the approaches, we work with so called
“uncertain-but-bounded” data model [7]. The model has significant methodological advantage but it has been also
pointed out that the worst-case-oriented approach decisions can be too conservative and thus impractical.
Ohsaki [3] presented that a random sampling approach can be successfully applied to obtain optimal and
anti-optimal solutions within the prescribed accuracy. They mentioned that the solution was obtained by using
“approximate worst solution” which is the k th value of the samples. The approach utilizes the order of objective
value. This framework is not the worst-case approach in a narrow sense and also not so called “chance constraints”
[7] (which is a typical probabilistic model). We focus on the lower-level anti-optimization problem and in
particular more clarification of the relation between the accuracy and the stopping rules proposed in [3].
3. Random sampling and probabilistic constraints
To make the short description, we omit the dependence of a given design variable J on the constraint function g
because we focus on the anti-optimization problem. Then the constraint corresponding to the anti-optimization
problem is given as

g()  g for    .

(4)

Constraint (4) is referred to as “worst-case constraint” and can be rewritten by

g max  g ,
where
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(5)

g max  max g() .

(6)



We apply RS to solve Problem (6) for obtaining worst solution in some senses. In an algorithm of RS, a sequence
of random points 1, 2 , , n is generated where for each j , 1  j  n , the point  j has some probability
distribution Pj . We will refer to this general scheme as Algorithm 1 (see, e.g., [4]).

Algorithm 1 (general random sampling algorithm)
1.
2.

3.
4.

Generate a random point 1 according to a probability distribution P1 on  ; evaluate the
objective function at this point; set iteration counter j  1 .
Using the points 1, ,  j and the results of the objective function evaluation at these points,
check whether j  n ; that is, check an appropriate stopping condition. If this condition holds,
terminate the algorithm.
Alternatively, generate a random point  j 1 according to some probability distribution Pj 1
and evaluate the objective function at  j 1 .
Substitute j  1 for j and return to step 2.

In the algorithm which is often called “Pure Random Search (PRS)” all the distribution Pj are the same (that is,
Pj  P for all j ) and the points  j are independent; otherwise, the algorithm may be called “Adaptive Random
Search” [8]. As a result of the application of PRS we obtain an independent sample {1, , n } from a
distribution P on  . Additionally, we obtain an independent sample {Y1  g(1 ), ,Yn  g(n )} of the
objective function values at these points. The samples Yj are independent identically distributed random variables
(iidrv) with the continuous cumulative distribution function (cdf) of a random variable Y which is given by

F (t )  Pr     : g()  t  

t

g()t P(d )   f (y )dy ,

(7)

where the function f is formally defined as the probability density function (pdf). The iidrv Y1, ,Yn are
arranged in increasing order of magnitude and the k th value is denoted by Yk ,n such that

Y1,n  Y2,n    Yn,n .
For anti-optimization problem, Ohsaki [3] proposed use of the following constraint:

Yk ,n  g .

(8)

If we set k  n and n   , Eq.(8) is the same as worst-case constraint (5) with probability one. In next section
we will present that Eq.(8) has a close relation with

Pr  F (g )      ,

(9)

where both  and  are preassigned constants (0  ,   1) . Implications of Eq.(9) are clearer than Eq.(8).
Before taking up the main subject, we point out that Eq.(9) is generalization of the chance constraint and the
worst-case constraint. When we set   1 , Eq.(9) corresponds to the chance constraint:

Pr Y  g    .

(10)

When we set     1 , Eq.(9) corresponds to the worst-case constraint with probability one:

Pr Y  g   1 .

(11)

Note that Constraint (11) is not entirely the same as worst-case constraint (5); however, both are the same in the
sense of probability. In next section we will show that the number of samples n and the k th value in the samples
are closely related to the parameters  and  . This means that the accuracy of the solution is given as parameters
 and  , by which the stopping rule of Algorithm 1 is decided.
4. Stopping rules in random sampling
We first summarize the basic theory of the k th order statistics. Form the theory, distribution-free tolerance
intervals are derived. Then, we present a stopping rules of RS based on the distribution-free interval.
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4.1. Distribution-free tolerance interval
The iidrv Y1, ,Yn with the common cdf F are arranged in order of magnitude and then written as

Y1,n  Y2,n    Yn,n ,

(12)

we call Yk ,n the k th order statistics (k  1, 2, , n ) , see, e.g., [9][10]. The cdf F is assumed to be continuous
but unknown. Let Fk ,n (y ) , (k  1, , n ) denote the cdf of the k th order statistics Yk ,n . Then we obtain

Fk ,n (y )  Pr{Yk ,n  y }  I F (y )  k , n  k  1  ,

(13)

where I p (a, b ) is incomplete beta function which is given by

I p (a, b ) 

p
1
t a 1(1  t )b 1dt ,

B(a, b ) 0

B(a, b ) 

1

0 ta 1(1  t )b1dt .

(14)

(15)

For 0    1 , define the  th quantile of Y with the cdf F to be

  F 1( ) ,

(16)

F 1( )  inf y : F (y )    .

(17)

where we define as

If F (y ) is strictly increasing, F ( )   holds; otherwise, it holds on some interval. Since Yk ,n   implies
Yk ,n   , we have

Pr  F (Yk ,n )     Pr Yk ,n  F 1( )
 1  Pr Yk ,n   

(18)

 1  I   k, n  k  1 .
If we choose the values of n and k such that

1  I   k, n  k  1    ,

(19)

Pr  F (Yk ,n )      .

(20)

we have

From Eq.(20), (,Yk ,n ) is known as one-sided “tolerance intervals” (see, e.g., [9]). Clearly, this interval is not
dependent on the cdf F and hence the interval is called “distribution-free intervals”. Eq.(20) implies the
probability is  or more that the interval (,Yk ,n ) contains at least a proportion  of the population if Eq.(19)
is satisfied. In other words, if the observed value of Yk ,n is yk ,n , one feels at least 100 % confident that the true
value of the  th quantile  line in the interval (, yk ,n ) , that is,

Pr    (, yk ,n )   .

(21)

If it holds that g  yk ,n and the condition (19) is satisfied, we have

Pr    (, g )  Pr    (, yk ,n )   ,

(22)

then we can say that at least 100 % confident that at least a proportion  of the population is less than g . This
rule is not dependent on the cdf F . We do not need to know the cdf F , but which must be continuous.
4.2. Stopping rules of random sampling approach
Stopping rules of Algorithm 1 can be said to be the selection of k and n . We can choose k and n such that the
condtion (19) is satisfied a little in excess of  as possible, which is easily found by enumeration method. It is
known that the extremes in finite small samples are very sensitive to outlying points. So care must be taken in
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placing these. For avoiding the difficulties, we find k , n   by solving the following problem:




1  I   k, n  k  1    

1k n 


n

Minimize
k ,n

subject to

(23)

where    is the margin for avoiding extreme order statistics. Intuitively, it seems to be reasonable to use

k (n )   (n  1)  ,

(24)

where [x ] is the greatest integer less than or equal to x . Indeed, the 100 th sample percentile Yk (n ),n becomes a
point estimator of  for sufficiently large n ; however, in finite small samples Eq.(24) does not satisfy the
condition (19). Hence, it is plausible to use Eq.(24) as an initial value for solving Problem (23).
5. Numerical example
We show a numerical example, consisting of a seismic design problem using a 10-story shear model and 2 input
earthquake motions. The problem is defined as:
10

(x ) 

Minimize
x

 xi
i 1

g(x , )  max  x     g
0.05  xi  0.4
(i  1, ,10)


subject to










(25)

where design variable vector x  (x1, , x10 ) represent the story shear coefficients, max () denotes the
maximum story drift angle and g is given as 0.01 radian . The configuration of this 10-story shear model is
shown in Fig.1 and the relation between i th story drift angle and i th story shear force is given as shown in Fig.2.
The maximum story drift angle max () is obtained by nonlinear transient dynamic analysis, in which input
earthquake motions are shown in Fig.3. The input accelerations are highly noisy and non-smooth.
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Figure 1: 10-story shear model

Figure 2: Force-deformation relation
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Figure 3: Input earthquake motions (ground acceleration)
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Since our interest focuses on the lower-level anti-optimization problem, we only consider following problem:

Maximize

g()  max  x   

subject to

0.05x    0.05x












(26)

where x is a vector of fixed parameters given by

x   0.44, 0.42, 0.40, 0.36, 0.33, 0.30, 0.26, 0.22, 0.17, 0.10  ,

(27)

which is obtained as a solution of the nominal design optimization without uncertainties as shown in [1]. When we
apply Algorithm 1 to Problem (26) and set     0.9 and   10 , the corresponding parameters are decided
by solving Problem (23), which is found as

(k , n )  (142,152) .
Thus we need at least 152 samples. So we stop Algorithm 1 when the number of the observed samples reaches
152. The corresponding upper bound of the tolerance interval is the 142 th value of the samples. The k th value of
the total n samples is denoted by yk ,n . Then in above case the one-sided tolerance interval is denoted by
(, y142,152 ) . The value and the extreme values are obtained as

y1,152  0.0092, y142,152  0.0114, y152,152  0.0121 ,
where the unit of the values is radian. To summarize, we can say that

Pr  More than 90% of the future samples is lsss than 0.0114 in values   0.9 .

(28)

This mean that the solution (27) is surely infeasible in Problem (25). For testing validity of Eq.(28), we further
apply Algorithm 1 to the problem until the total number of the observed samples reaches 10, 000 . The numbers of
population within the interval and proportions to the total samples are obtained as

# yi  0.0114, i  1, ,10, 000   9030 ,
# yi  0.0114, i  1, ,10, 000 
10, 000

 0.903 ,

where yi denotes the i th observed sample value, which is not order statistics. Thus we could obtain very accurate
result, i.e., we could predict the result of large number of future samples from use of relatively small samples. For
reference, the extreme values are shown as follows:

y1,10000  0.0090, y10000,10000  0.0131 .
Note that we focus on not the true worst value but the proportion within the interval. Hence there is difference
between the values of y142,152 and y10000,10000 . We can only say that 90% of the samples are surely within the
interval (, y142,152 ) for large number of future samples. In general, prediction of the extreme values from small
samples is not easy and we may not need such exact extremes in many practical situations. The presented method
is useful in such situations.
6. Conclusion
We presented a clear definition of the approximation of the worst values based on the k th order statistics and
proposed a framework of anti-optimization with new stopping rules of random sampling approach. We
investigated the behavior of the stopping rules through a numerical example. The results are as follows:
1. The distribution-free tolerance interval can be used as a stopping rule of random sampling approach for
solving anti-optimization problems. It is not needed to know the distribution of the samples to apply the
method.
2. We investigated the applicability of the presented method to a seismic design problem with transient dynamic
analysis, which is not suitable for conventional design optimization. For such problem, RS is useful.
3. The numerical result indicates use of relatively small samples is enough to predict the large number of future
samples even for two-level problem with the complicated dynamic analysis under uncertain parameters.
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