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1. Abstract
This paper presents a systematic methodology for the design of plasmonic composites such as silverdielectric composites that exhibit extreme electric permittivity. A gradient-based topology optimization
method is used to ﬁnd the distribution of plasmonic material for the unit cell of a periodic microstructure
composed of plasmonic and dielectric materials. The eﬀective permittivity of plasmonic composites is
obtained using energy-based homogenization. The ﬁnite element mesh is regenerated at every iteration
during the optimization process so that the mesh accurately ﬁts the zero iso-surface of the electric permittivity, to exactly express the interfaces between plasmonic and dielectric materials. Several numerical
examples are provided to conﬁrm the validity and utility of the presented method.
2. Keywords: Inverse homogenization, Topology optimization, Plasmonic material, Eﬀective permittivity, Energy-based homogenization
3. Introduction
Composites with plasmonic inclusions such as silver-dielectric composites can exhibit extreme properties
that dramatically enhance the capability and performance of optical devices such as a superlens [1], and
optical nanocircuits [2]. For the design of such plasmonic composites, Wallen et al. [3,4] numerically
investigated periodic silver-dielectric composites that demonstrate an eﬀective permittivity of -1, for the
design of a near-ﬁeld superlens and composites that have extreme anisotropy. However, their designs were
limited to simple inclusions, such as those with a low volume fraction circular shape, since their design
method was based on mixing formulas [5] such as the Maxwell-Garnett mixing formula and the Rayleigh
formula. To exploit the desirable properties of such composites materials to the full, a systematic design
approach, such as the inverse homogenization method [6], is most eﬃcient for designing the microstructure
that forms the composite material. Inverse homogenization has been applied to many material property
design problems, such as the design of materials with a negative thermal expansion coeﬃcient [7], a
negative Poisson’s ratio [8], or desirable values of Young’s modulus [6], magnetic permeability [9], or
dielectric permittivity [10, 11]. In this study, a gradient-based topology optimization method is presented
for the microstructure design of plasmonic two-phase composites that provide desired values of eﬀective
permittivity, including negative values.
Composite materials can be usually modeled as materials consisting of a periodic array of unit cells,
and the eﬀective properties of the overall structure can be computed using mixing formulas or homogenization methods. In this study, we use an energy-based homogenization method [12] that computes the
eﬀective properties based on the results of ﬁnite element analysis and can handle complicated inclusions
in addition to the simple inclusions that classical mixing formulas can work with. The optimization
problem is formulated as a problem to minimize the square of the diﬀerence between the eﬀective permittivity and a prescribed value, or to minimize or maximize the eﬀective permittivity when the design
goal is to obtain extreme values. The optimization algorithm uses the adjoint variable method (AVM)
for the sensitivity analysis and the ﬁnite element method (FEM) for solving the equilibrium and adjoint
equations, respectively. A PDE-based ﬁlter [13, 14] and Heaviside function [15] are used to obtain clear
optimized conﬁgurations and the method of moving asymptotes (MMA) [16] is used for updating design
variables.
In plasmonic materials, due to surface plasmon resonance, the electric ﬁeld is markedly enhanced at
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the interface between the plasmonic and dielectric material, namely, the structural interfaces between the
negative and positive permittivity materials. To appropriately capture this phenomenon, it is important
to express these interfaces exactly, so the ﬁnite element mesh is regenerated at every iteration during the
optimization process here so that the mesh accurately ﬁts the zero iso-surface of the electric permittivity.
Several design problems show that appropriate unit cell conﬁgurations that exhibit the prescribed electric
permittivity can be obtained for isotropic and anisotropic design problems. The permittivity values
obtained by the optimization are compared with theoretical bounds [17], such as Weiner’s arithmetic
means, harmonic means, and the Hashin-Strikman bound, and the results show that the values obtained
by the proposed optimization method are in good agreement with these theoretical bounds. The design
example for a near-ﬁeld superlens is also presented.
First, the formulation of the homogenization method for obtaining the eﬀective permittivity is described. The mesh regeneration scheme and the optimization problem for the design of plasmonic composites are then discussed. The numerical implementation based on the formulation of the optimization
problem, which uses the FEM and AVM to compute the sensitivity are explained next. Finally, several
numerical examples are provided to conﬁrm the validity and utility of the presented method.
4. Formulation
4.1. Eﬀective permittivity
An energy-based approach [6, 12] is employed here to compute the eﬀective permittivity of the composite.
The mutual energy accumulated in the original unit cell is given as
∫
1
Qij =
εr (x)∇ϕ̄i · ∇ϕj dΩ,
(1)
2 Ω
where εr is the electric permittivity and ϕi represents the electric potential obtained when an electric
voltage is applied in an xi direction. x represents the coordinate in the unit cell, and ϕ̄i denotes the
conjugate complex number of ϕi . The mutual energy accumulated in the homogenized cell is given as
QH
ij =

1
εeﬀ,ij Vi Vj V,
2

(2)

where V is the volume of the unit cell and Vi is the applied voltage in the xi direction. By assuming
the the mutual energies accumulated in the original unit cell Qij , and in the homogenized cell QH
ij are
equivalent, the eﬀective permittivities can be obtained as follows.
∫
1
εeﬀ,ij =
εr (x) ∇ϕ̄i · ∇ϕj dΩ.
(3)
Vi Vj V Ω
4.2. Governing equation
Figure 1 shows the analysis domain and boundary conditions for a two-dimensional problem. The electric
potentials, ϕi , used in the above formulation are obtained by solving the following governing equation.
∇ · (εr (x) ∇ϕi ) = 0.

(a)

(4)

(b)

Figure 1: Analysis domain and boundary conditions when an electric voltage applied in (a) a horizontal
direction, and (b) a vertical direction.
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In the two-dimensional problem, ϕ1 is obtained with the electric voltage applied in a horizontal direction,
i.e., the x1 direction. In this case, the left and right boundaries, and the upper and lower boundaries,
respectively have the following periodic boundary conditions imposed [Fig.1(a)].
ϕ1 (x, y) = ϕ1 (x − l1 , y) + V1 on Γ3
ϕ1 (x, y) = ϕ1 (x, y − l2 )
on Γ4 ,

(5)
(6)

where l1 , l2 are the unit cell lengths in the x1 and x2 direction, respectively.
ϕ2 is obtained with an electric voltage applied in a vertical direction, i.e., the x2 direction. Here, the
left and right boundaries, and the upper and lower boundaries, respectively have the following periodic
boundary conditions imposed [Fig.1(b)].
ϕ2 (x, y) = ϕ2 (x − l1 , y)

on Γ3

(7)

ϕ2 (x, y) = ϕ2 (x, y − l2 ) + V2 on Γ4 .

(8)

The eﬀective permittivities are obtained by substituting the obtained electric potentials into Eq.(3).
4.3. Design variables
In this work, the relative electric permittivity εr inside the ﬁxed design domain is deﬁned using the
relative element density ρ̃ based on the density approach.
εr = (ε1 − ε0 ) ρ̃p + ε0 ,

(9)

where ε1 is the relative permittivity of the plasmonic material, ε0 is the relative permittivity of the
background material, and p is a penalization parameter.
To ensure that the optimal design is independent of the mesh, and to obtain a clear optimal conﬁguration, a PDE-based ﬁlter [13, 14] and Heaviside function [15] are used in this work. Using this ﬁlter, the
relative element densities ρ̃ can be computed as shown in the following procedures. First, intermediate
variables µ are computed using following partial diﬀerential equation.
−R2 ∇2 µ + µ = ρ,

(10)

where R represents ﬁlter radius. The relative element densities ρ̃ are then obtained using the Heaviside
function [15] as follows.
[
]
ρ̃ = ρth eβ(1−µ/ρth ) − (1 − µ/ρth )e−β
(0 ≤ µ < ρth )
(11)
[
]
ρ̃ = (1 − ρth ) 1 − e−β(µ−ρth )/(1−ρth ) + (µ − ρth )e−β /(1 − ρth ) + ρth (ρth ≤ µ < 1) ,
(12)
where β is a parameter that adjusts the curvature of the Heaviside function. ρth is a threshold value
deﬁned so that the corresponding relative element density ρ̃ has an electric permittivity value of zero.
Namely,
(
ρth =

−ε0
ε1 − ε0

)1/p
.

(13)

4.4. Mesh regeneration procedure
In plasmonic materials, due to surface plasmon resonance, the electric ﬁeld is markedly enhanced at the
interface between the plasmonic and dielectric materials, namely, the structural interfaces between the
materials that have negative or positive permittivity. To appropriately capture this phenomenon, it is
important to express these interfaces exactly, so the ﬁnite element mesh is regenerated at every iteration
during the optimization process here, to ensure that the mesh accurately ﬁts the zero iso-surface of the
electric permittivity. First, the iso-surface of intermediate variables µ that correspond to the zero isosurface of the electric permittivity are computed as shown in Fig.2(a). The nodes that represents the zero
iso-surface are extracted using the method in [18] which is used for the re-initialization scheme in level
set-based topology optimization method. The ﬁnite element mesh regeneration is illustrated in Fig.2(b).
The relative element densities ρ̃ are then obtained via the Heaviside function.
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(a)

(b)

(c)

Figure 2: Remeshing procedure: (a)zero iso-surface of εr ; (b) the ﬁnite element mesh is regenerated at
every iteration so that the mesh accurately ﬁts the zero iso-surface of εr ; (c) ρ̃ is obtained via a Heaviside
function.
Compute Iso-surface of
μ

Generate finite element
mesh by COMSOL

Compute
via
Heaviside function

4.5. Optimization problem
The purpose of the optimization is to obtain a microstructure design for plasmonic and dielectric materials
that achieves the desired dielectric permittivity or extreme values of eﬀective permittivity. The objective
of the optimization problem can be formulated The optimization problem is formulated as follows.
∑
ε∗eﬀ,ij
(14)
inf
F = log
ρ

ij

∫
1
subject to G =
ρ̃dΩ − Vmax ≤ 0
V D
Governing equation
Boundary conditions

(15)
(16)
(17)

The ∗ represents the use of either ′ or ′′ that applies to the real or imaginary part of the eﬀective permittivity, respectively. The subscripts ij = 11, 12, 21, 22 denote the elements of the permittivity tensor, and
Vmax is the upper limit of the volume fraction.
5. Numerical implementation
Figure 3 shows the optimization ﬂow chart. First, the design variables are initialized. Next, the intermediate variables µ are computed using the projection function. The ﬁnite element mesh is regenerated so
that the mesh accurately ﬁts the zero iso-surface of the electric permittivity. The objective and constraint
functionals are then computed by solving the equilibrium equations using the FEM. If the objective functional has converged, the optimization procedure is terminated. If not, the sensitivities are computed
using the AVM. The design variables ρ are then updated using the method of moving asymptotes (MMA)
[16] and the process returns to the second step.
6. Numerical examples
Here, we present numerical examples to demonstrate the validity and capability of the presented method
for the design of microstructures based on plasmonic and dielectric materials. The design domain is
discretized using 25 × 25 square elements for the design variables ρ. A circular rod shape with a volume
fraction of 50% is used as the initial conﬁguration.
6.1. Designs targeting extreme values
Here we consider the design of composites that exhibit extreme values of eﬀective permittivity. The
relative permittivities of the plasmonic and dielectric materials are set to εr = −4 + 4i and εr = 1. The
maximum volume fraction is set to 60%.
Figure 4 shows the conﬁgurations obtained by the optimization. For the design of an anisotropic
material, the real part of the eﬀective permittivity Re(ε11 ) is minimized in Case1. For the design of
isotropic materials, the real part of the eﬀective permittivities Re(ε11 ) and Re(ε22 ) are minimized in
Case2, and the real part of the eﬀective permittivities Re(ε11 ) and Re(ε22 ) are maximized in Case3. The
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Figure 3: Flowchart of optimization algorithm

obtained eﬀective permittivity in Case 1 is
[
]
−1.97 + 2.78i 0.00 − 0.00i
εeﬀ =
,
0.00 − 0.00i
1.37 + 2.98
the obtained eﬀective permittivity in Case 2 is
[
−0.90 + 2.58i
εeﬀ =
0.01 − 0.00i

0.01 − 0.00i
−0.90 + 2.58i

and the obtained eﬀective permittivity in Case 3 is
[
0.27 + 3.93i
εeﬀ =
−0.01 + 0.00i

−0.01 + 0.00i
0.25 + 3.94i

(18)

]
,

(19)

.

(20)

]

Figure 5 shows the ﬁnite element mesh of the obtained result in Case 3. It shows that the ﬁnite element
mesh is generated to ensure that the mesh accurately ﬁts the zero iso-surface of the electric permittivity.

(a)

(b)

(c)

Figure 4: Obtained conﬁgurations and its layered structure: (a) Case1, minimizing Re(ε11 ); (b) Case2,
minimizing Re(ε11 ) + Re(ε22 ); (c) Case3, maximizing Re(ε11 ) + Re(ε22 ).
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Figure 5: Finite element mesh of the obtained conﬁguration (Case3).
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Figure 6: Theoretical bounds for anisotropic material (solid line) and anisotropic material with a volume
fraction of 60% (dot-dashed line), and an isotropic material with a volume fraction of 60% (dashed line)

Figure 6 shows the theoretical bounds for anisotropic material (solid line), an anisotropic material
with a volume fraction of 60% (dot-dashed line), and an isotropic material with a volume fraction of 60%
(dashed line). The results show that the optimization successfully found designs that exhibit extreme
eﬀective permittivity values.
6.2. Near-ﬁeld superlens design
A near-ﬁeld superlens requires eﬀective permittivity ϵeﬀ = −1, so we apply constraints to ensure that
the real part of eﬀective permittivities Re(ϵ11 ) = Re(ϵ22 ) = −1 and set the objective of optimization to
minimize the loss, i.e., minimize Im(ϵ11 ) + Im(ϵ22 ). The relative permittivity of the plasmonic material
is set to ϵr = −9.29 + 0.25i, a value close to that for pure silver at wavelength λ = 500nm. The relative
permittivity of the dielectric material is set to ϵr = 1. The maximum volume fraction is set to 60%.
Figure 7 shows the obtained conﬁguration for which the obtained eﬀective permittivity is
[
]
−1.00 0.065
ϵeﬀ =
.
(21)
0.065 −1.01
Here we conﬁrm that the obtained conﬁguration actually functions as a near-ﬁeld superlens. Figure 8
shows the analysis model for the near-ﬁeld superlens. TM polarized waves enter the domain at the left
boundary. A plate with a single aperture is placed at x = 0.0 between upper and lower boundaries that
have a periodic boundary condition imposed, and a composite near-ﬁeld superlens consisting of 4 × 16
unit cells of the design obtained in the previous optimization in a periodic array is placed placed to the
right side of the aperture plate. The thickness of the near ﬁeld superlens is d = λ/10. Figure 9(a) shows
the magnetic ﬁeld distribution and Fig. 9(b) shows a plot of the magnetic ﬁeld at x = 0 and x = 2d.
The ﬁeld results show that an image of the slit is reconstructed at the plane x = 2d.
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Figure 7: Obtained conﬁguration.
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Figure 8: Numerical model for near-ﬁeld superlens.

7. Conclusion
We presented a gradient-based topology optimization method for the microstructure design of plasmonic
composites. An energy-based homogenization was applied to obtain the eﬀective permittivity, and a
mesh regeneration scheme was used to exactly express the interfaces between the plasmonic and dielectric
materials, by regenerating the ﬁnite element mesh at every iteration during the optimization process, to
ensure that the mesh accurately ﬁts the zero iso-surface of the electric permittivity. Finally, several
numerical examples were provided to conﬁrm the validity and utility of the presented method. In future
research, we hope to extend the presented scheme to design problems that include dynamic time variance.
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