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Nomenclature

o = true stress

Omeas = measured stress

Ocale = calculated stress

€meas = error in measured stress

€cale = error in calculated stress

o™ = updated stress calculation based on measured stress
0 = calibration factor for calculation

Sini = initial safety factor

Sre = redesign safety factor

St = lower limit for acceptable safety factor

Su = upper limit for acceptable safety factor

A; = 1initial cross sectional area (before redesign)
A> = cross sectional area after redesign

E(A4) = mean area after redesign

P = probability of redesign

P, = constraint on probability of redesign

I. Introduction

For structural design, it makes sense that designers want to have as small a safety factor as possible in order to
save mass. However, since the regulatory bodies, such as the FAA, usually require certification tests to demonstrate
that a structure satisfies the required level of safety, a small safety factor may increase the risk of failing certification
tests. Because of the fact that the required safety factors are determined only on the basis of flight safety, it is
manufacturers’ responsibility to balance the performance and the risk of failing certification.

Probabilistic design is one way of assessing risks in a quantitative manner using probability of failure by
modeling uncertainty as probability distributions [1-3]. There have been several studies on quantifying the effect of
tests as a process of uncertainty reduction by using probabilistic approaches [4, 5]. Villanueva et al. [6] proposed a
method that evaluates the risk of failing a certification test followed by redesign, i.e., probability of having redesign.
In this study, they modeled an error in design calculation as a random variable and viewed different error
realizations as corresponding to different possible futures. A remarkable feature is that the method works in
conjunction with safety-factor based design as it can limit the use of a probabilistic approach only to assessing the
reliability of the design that is obtained from safety-factor based approach.

Matsumura et al. [7] extended the method by incorporating it into a design optimization framework that
enables us to tradeoff the expected performance of a structure in the future against the probability of having
redesign. Furthermore, Villanueva et al. [8] introduced a framework that optimizes an initial design and redesign
rules simultaneously to get an even better tradeoff solution. As a conclusion of the study in Ref. [8], it is observed
that to minimize mass, the best strategy is to start with a conservative design (initially heavier structure) and
redesign it to reduce the mass only when the test discovers that the design is overly conservative.

In this paper, we focus our efforts on investigating how different redesign strategies, such as redesign for
performance as being a conservative design approach and redesign for safety as being an un-conservative design
approach, influence the final design outcomes. We examine the effects of underlying uncertainties, including errors
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in design prediction and test observation. In addition, instead of the Monte Carlo method used for the previous
studies, we demonstrate the use of analytical approaches for reducing the computational costs and increasing the
accuracy of the tradeoff information.

I1. Methods

A. Demonstration Problem Description

The example problem was reduced to the simplest form in order to clearly show the fundamental effects of
different redesign strategies. The example is a solid bar with circular cross section subject to uniaxial tension. The
design is subject to the aleatory uncertainty in loading and material properties. In addition, the design and testing
process is subject to epistemic uncertainty in the calculated stress response and in the measured stress response. The
uncertain parameters are defined as shown in Table 1. For simplicity we assume that an experiment is performed to
measure stress in the bar rather than strain.

Table 1. Uncertain Parameters

Parameter Classification | Symbol Mean, p C.0.V | Range Distribution
Applied Load Aleatory P (N) 100 0.20 [-o0, 0] Normal
Material Strength | Aleatory C iy (MP2) 20 0.12 [-00, 0] Normal
Calculation Error | Epistemic e... (%) 0 Infinity | [-0.30, 0.30] | Uniform
Measurement Epistemic e (%) 0 Infinity | [-0.10, 0.10] | Uniform
Error e

B. Deterministic Design & Redesign Procedure

Deterministic design optimization (DDO) is performed to minimize mass, or equivalently the cross sectional
area, as shown in Eq. (1) where 4, is the cross sectional area of the bar, o0, is the yield strength, S;,; is the safety
factor for the initial design, and o.4. is the calculated stress. The calculated stress is equal to Piimir/ A1, where Piiyi is
the limit load, and therefore we can calculate the cross sectional area of the minimum weight design explicitly as
shown in Eq. (2).

min 4,
1
s.t. Gatow Cose M
P_.S
A1 — il)r-mt ini (2)

allow

After DDO, a single test is performed and the test will be passed if the apparent safety factor, S;, is within the upper
and lower safety factor limits for redesign, S; and Sy, as shown in Eq. (3).

/o 3

SL = Sl = SU Where Sl = O-allow meas

If the test is failed then redesign must be performed. We consider two different redesign strategies. If the apparent
safety factor is too high (i.e S; > Sy) then the design is too conservative and we redesign to reduce mass. On the
other hand, if the apparent safety factor is too low (i.e. S; < S then the design is unsafe and we redesign to improve
safety. The measured stress response is more accurate than the calculated stress and therefore we can update our
calculation using this new information before performing redesign. The simplest method is to update using the ratio
of calculated to measured stress, ¢, as shown in Eq. (4). If redesign is performed we calculate the cross sectional
area of the design after redesign A, as shown in Eq. (5) where we introduce the safety factor for redesign S;. that
may be different than our initial safety factor.
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upd __ —
O-calc' - chlc,ZH Where 9 - O-meas / O-culc (4)
A2 — })limitSree (5)
O-allow

C. Stochastic Simulation of Future Tests Followed by Possible Redesign

There is epistemic uncertainty (error) in the stress calculation and also in the stress measurement. If we assume
we have some prior knowledge at the design stage of these errors then simulating future tests simply becomes an
uncertainty propagation problem. The required knowledge of these error distributions or error ranges may be based
on previous experience or expert opinion. The calculation and measurement errors are epistemic in nature in that
they each have a single true value that is unknown. If we know the error, e.q., in the calculated stress, ocac, then we
can obtain the true stress before redesign, o s, as shown in Eq. (6). Similarly, if we know the error, e, in the
measured stress, omeqs, We can also obtain the same true stress as shown in Eq. (7).

Jz‘rue,l = O-calc (1 - ecalc ) (6)
O-lrue,l = O-meas (1 - emeas ) (7)

We can combine these two equations to predict the test result using the stress calculation and the errors as shown in
Eq. (8).

o l-e
_ true,l - calc (8)
1-e

meas meas

meas

We model the epistemic errors using uniform distributions as described in Table 1. Assuming we know the
calculation and measurement error distributions we can simulate a future test by sampling each of the error
distributions and substituting into Eq. (8). For n pairs of error samples we obtain n possible futures. In each possible
future we determine if redesign will be performed and calculate the true probability of failure before and after
redesign. The true reliability index before redesign can be calculated as shown in Eq. (9) where the expected value
and variance of the true stress are calculated as shown in Eq. (10) and (11). The true probability of failure before
redesign can be calculated from the reliability index as shown in Eq. (12). Similar expressions can be obtained for
reliability index and probability of failure after redesign by substituting the true stress after redesign, 2, for the
true stress before redesign. The expression for the true stress after redesign is given in Eq. (13). Note that if there is
no measurement error then the calculated stress after redesign is equal to the true stress.

E (Gallow) —E (Gtrue,l )

$ " N (om) Var(o,) v
E(Uzrue,1)=w(1—€mzc) (10)
|
Var(o,,, )= V%ISP)(I —C) (11)
P =®(-5) (12)
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upd
calc

O_tme,Z = O_calc,Z (l - ecalc ) = 7(1 - ecalc ) = O-:apli (1 - emeas ) (13)

We can model the redesign process analytically by introducing an indicator function / that is equal to one if
redesign is performed and equal to zero otherwise. The equation for the indicator function is given in Eq. (14) where
we use Heaviside step functions H. Using the indicator function we can combine the expressions from before and
after redesign into single expressions for cross sectional area and probability of failure as shown in Eq. (15) and (16)
where we use the subscript 1 to indicate values before redesign and subscript 2 to indicate values after redesign.
These expressions have both deterministic and stochastic inputs. The deterministic inputs are the initial safety factor
Sini, the lower and upper limits for acceptable safety factors S; and Sy, and the redesign safety factor S... The
stochastic inputs are the calculation error e... and the measurement error e,..s. We can calculate the expected values
for area and probability of failure as a function of the deterministic inputs by multiplying by the joint pdf of the
errors and integrating over the range of possible errors. Since the errors in calculation and errors in measurement are
independent we calculate the joint pdf as shown in Eq. (17). For given design and redesign rules (deterministic
inputs) we calculate the probability of redesign, expected area (mass) after redesign, and expected probability of
failure after redesign as shown in Eq. (18), (19), and (20).

I=H(S,—S)+H(S,—S,) (14)
A=(1-1)4 +14, (15)

P =(1-1)P,, +IP,, (16)

P(CerCneas) = P(Cue) P€rs) (17)

P =E(1) = [ 1(Car€pas) P(€terCras ) ey (18)
E(A)= [[ A(CerCpess) P(€er s ) Al (19)
E(P) = [[ P (Cuutr€neas ) P(Curer €meas ) BBy (20)

D. Optimization of Safety factors & Redesign Rules

For an individual designer, the design problem is deterministic and safety factors are determined by regulations
and additional company safety margins. However, a design group may want to select design and redesign rules
while complying with regulations for a group of structural components so as to balance performance against the
probability of redesign and the additional development costs. Here we illustrate this with a multiobjective
optimization problem of selecting the safety factors and redesign window to minimize the mean mass after redesign
while also minimizing probability (risk) of redesign. The constraint on probability of redesign is varied to capture
the Pareto front for performance (mass) versus risk of redesign. A constraint is placed on the mean probability of
failure to ensure all design strategies on the Pareto front will achieve a target reliability. This leads to the
optimization problem in Eq. (21). In practice we optimize the variables Si.i, St/Sini, Sv/Simi, and Sy./Sini because it is
convenient to set the upper bound S;/S;,=1 and lower bound Si/S;,~=1 to ensure the initial safety factor satisfies our
redesign criteria.
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min  E(A4)

st. E(P,)<1x107°
p.<P
0.80<S, <1.60 @1
0.50<S,/S, <1.00

I1l. Results

A. Discrete Error Simulation: 2 Possible Futures

To compare the fundamental differences between redesign for safety and redesign for performance we consider
the trivial example where we have only 2 possible futures: ec.=1+30%, €meas=0% and ecq=-30%, emess=0%. From a
designers perspective this scenario could correspond to a situation where we know the magnitude of the error in our
calculation or simulation but can’t determine, or are missing information related to, the sign of the error. We assume
the error in our test is negligible in comparison to our calculation error. Furthermore, for this illustrative example we
assume we are willing to accept a 50% risk of redesign. In this situation we must make a decision to start with a
conservative initial design (high S;.;) and redesign if the test reveals we have been too conservative (S;>Sy) or to
start with an un-conservative initial design (low Si,;) and redesign if the test reveals our design is unsafe (S;<S;). For
this comparison we consider two optimization problems. In the first problem we redesign for performance to correct
a design that is too conservative and therefore we set Sz/Si,=-c0 and set Su/Si,=1 to fix the probability of redesign at
50%. In the second optimization problem we redesign to improve a design that is unsafe and therefore we set
S1/Simi=1 and set Su/Sini=c0.

In each problem we must perform optimization to determine the initial safety factor S;,; and the redesign safety
factor S.. Since we have simplified the optimization to only two variables we can visualize the solution as shown in
Figure 1. We can see that when we redesign for performance the constraint becomes nearly vertical around S;,~=1.45
because without redesigning to improve safety we will not be able to satisfy our constraint on mean probability of
failure if we start with a safety factor below this threshold. This value of S;,; corresponds to a probability of failure
that is very close to our constraint of 1e-5 as shown in Figure 3. We note that the mean probabilities of failure before
and after redesign are very close in the figure because the mean changes by about a factor of 2 which is barely
visible on the log scale. On the other hand when we redesign to improve safety we can continue to decrease S;,; as
long as we increase S,. as shown in the plot of the constraint contour in Figure 1. Since we are redesigning a design
with a high probability of failure it is very influential on the mean as shown in Figure 3. Based on the histogram of
the probability of failure we can determine that the optimum strategy in both cases is to select S;; and S, so that the
one design that is not redesigned remains near the constraint and the other design is corrected so as to achieve the
same reliability.
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Figure 1. Visualization of optimization problem for simulation of 2 possible futures: +30% calculation error
and -30% calculation error. The optimum initial safety factor and redesign safety factor corresponding to
minimum mean mass in the future are shown by red x. Left: Redesign for performance; Right: Redesign for

safety

The fundamental question we would like to answer is whether one redesign strategy will result in a lower mean
mass (area) in the future. However, as shown in Figure 2 the mass distributions after redesign appear identical. The
comparison in Table 2 shows that both redesign strategies achieve the same mean mass after redesign. Based on this
simplified example we might incorrectly conclude that both redesign strategies are always equivalent. However, if
we consider a continuous error distribution then the mean area after redesign for redesign for safety is about 0.6%
higher. A much larger difference in mean mass can be seen if we introduce measurement error as shown in the next

example.

Table 2. Comparison of redesign strategies for simulation of 2 possible futures

Purpose of Mean Area After Redesign Mean Probability of Probability of
Redesign (mm?) Failure Redesign
Reduce Mass 96.09 le-5 0.50
Improve Safety 96.09 le-5 0.50
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Figure 2. Mass distribution for simulation of 2 possible futures. Left: Redesign for performance; Right:
Redesign for safety

1 u 2 I
[ Before Redesign [ Before Redesign
» 0.8 I After Redesign " I After Redesign
8 B Mean P, Before Redesign L 15¢ B Mean P, Before Redesign
c c
% 06 @ Mean P]c After Redesign % @® Mean P]c After Redesign
S S
o o 1 (
S 04 s |
[ [ ‘
o o
g € o5} |
Z 02} z
0 : @) : ‘ 0 : Q#
107 10™° 10’ 10" 107 10™° 10’ 10"
Probability of Failure Probability of Failure

Figure 3. Probability of failure distribution for simulation of 2 possible futures. Left: Redesign for
performance; Right: Redesign for safety

B. Discrete Error Simulation: 4 Possible Futures

In this example we extend the problem from the previous example to include 4 possible futures. We consider two
levels of calculation error, +30% or -30%, and two levels of measurement error, +10% and -10%, for a total of four
possible futures. When we introduce measurement error the updated (calibrated) model after redesign is no longer
free from error. After redesign the calculation error is replaced with the smaller measurement error. Under these
conditions there is a clear benefit to starting with a conservative initial design and redesigning to reduce mass rather
than redesigning to improve safety. As shown in Table 3 the mean mass after redesign is approximately 2% higher if
we start with a less conservative initial design and redesign to improve safety. In Table 4 we compare the mass and
probability of failure in each of the four possible futures. We can see that the initial reduction in area by starting
with an unconservative design (55.5mm?) is outweighed by the required increase in mass to restore safety.
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Figure 4. Visualization of optimization problem for simulation of 4 possible futures. The optimum initial
safety factor and redesign safety factor corresponding to minimum mean mass in the future are shown by red
X. Left: Redesign for performance; Right: Redesign for safety
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Figure 6. Probability of failure distribution for simulation of 4 possible futures. Left: Redesign for
performance; Right: Redesign for safety

Table 3. Comparison of redesign strategies for simulation of 4 possible futures

Purpose of Mean Area After Redesign Mean Probability of Probability of
Redesign (mm?) Failure Redesign
Reduce Mass 98.84 le-5 0.50
Improve Safety 101.05 le-5 0.50

Table 4. Comparison of change in area and probability of failure for each of the four possible futures under
different redesign strategies

Error Area Before Area After Probability of Failure | Probability of Failure
[ecalc, Redesign (mm?) Redesign (mm?) Before Redesign After Redesign
Emeas]
Reduce | Improve | Reduce | Improve Reduce Improve Reduce Improve
Mass Safety Mass Safety Mass Safety Mass Safety
[-30,-10] | 124.00 68.50 124.00 120.24 1.25e-5 0.355 1.25e-5 2.65e-5
[30,-10] | 124.00 68.50 66.31 68.50 2.47e-12 6.65¢-6 1.49¢-5 6.65e-6
[-30, 10] | 124.00 68.50 124.00 146.96 1.25¢-5 0.355 1.25e-5 1.69¢-7
[30,10] | 124.00 68.50 81.04 68.50 2.47e-12 6.65¢-6 9.16e-8 6.65e-6
Mean 124.00 68.50 98.84 101.05 6.27e-6 0.178 1.00e-5 1.00e-5

C. Continuous Error Distribution Simulation

In a typical design scenario it is often more reasonable to model the error distributions as continuous
distributions. A comparison of the tradeoff curves with calculation and measurement error for both redesign
strategies indicates it is better to redesign for performance in order to achieve a smaller mean mass as shown in
Figure 7. To better understand this result we consider the points on the tradeoff curve corresponding to 20%
redesign. For these points the difference in mean mass after redesign is about 3% (109.6mm? vs. 106.4mm?). Plots
of the area distributions and probability of failure distributions for points on the tradeoff curves corresponding to a
probability of redesign of 20% are shown in Figure 8 and Figure 9. From the histograms of the mass distributions we
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can see that when redesign is performed to reduce mass the designs that are redesigned are revealed to be very
conservative and a large reduction in mass can be achieved. This reduction can be as large as reducing the cross
sectional area from 114mm? before redesign to 65mm? after redesign. On the other hand, when we redesign to
improve safety the redesign the maximum change in area due to redesign is from 108mm? to 138mm?. This change
in mass is related to the change in probability of failure required under the different redesign strategies. As can be
seen from the probability of failure distributions, redesign for performance increases the probability of failure for a
single design by about five orders of magnitude (10-'° to 10). However, when we redesign to improve safety the
change in probability of failure for a single design is about one order of magnitude and the change in mass is
therefore also much smaller.
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Figure 7. Tradeoff curve for mean mass versus probability of redesign
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Figure 8. Simulation of continuous error distribution (20% probability of redesign): Redesign for
performance

10
American Institute of Aeronautics and Astronautics



8000 ‘ ‘ ‘ ‘ 700, D __| Before Redesign
B nitial Area .
| ] After Redesign
7000 @ Mean Area After Redesign 600+ I . desi
w6000 | [ ] Area After Redesign ” B  Mean P, Before Redesign
] g S00¢ @) Mean P. After Redesign
c c f
S 5000 | ] g
g 3 400
S 4000} | S
© S 300
8 3000 ] z
E S 200
Z 2000 + g z
1000 | ] 100
0 \ \ W\ 0
60 80 100 120 140 107" 10 10 10°
Area, mm? Probability of Failure

Figure 9. Simulation of continuous error distribution (20% probability of redesign): Redesign for safety

1VV. Discussion & Conclusion

When considering the tradeoff between performance increases from mass reduction and the substantial costs that
can be associated with redesign, a company wishes to select the design and redesign rules in order to achieve the
best performance on average for an acceptable risk of redesign. In this situation the company should select design
and redesign rules that start with a conservative design and redesign if the design is revealed by the test to be too
conservative. This redesign strategy will result in better performance on average (lower mean mass) and will meet
the same reliability constraint on mean probability of failure as other redesign strategies.

It is interesting to consider that this same decision of whether to start with a conservative design or a less
conservative initial design may result in a different conclusion if considered from the designer’s perspective. If we
consider the modes of the mass distributions after redesign for redesign for performance versus redesign for safety
then the designer will most likely be stuck with a heavier design if he chooses to start with a conservative initial
design. In addition, in some instances the test will reveal that the designer has been much too conservative and the
design after redesign will have substantial mass reduction. This result may reflect badly on a designer because the
test has revealed his initial design to be very poor. On the other hand, if the designer chooses to start with a less
conservative design the most likely outcome as indicated by the mode is that he will have a lighter design. This
strategy of redesign for safety has the added benefit that if his design fails the test he may only have to slightly
modify the design which would result in a slight increase in mass and reliability. Under this scenario the design may
fail the test by being unsafe but the required change in his or her design would be smaller which one may consider to
indicate his design was very good because it only needed a minor change. However, over many different designs
this strategy will not be in the company’s best interest because the average performance of designs will be worse.
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