ATAA-2002-5563

MESHFREE ANALYSIS AND DIE SHAPE DESIGN
OF EXTRUSION PROCESS

Nam H. Kim", Ki-Young Yi*, and Kyung K. Choi'

Department of Mechanical Engineering
University of Florida
PO Box 116300
Gainesville, FL 32611-6300

ABSTRACT

Meshfiree analysis and die shape design of a 3-D
metal extrusion problem is proposed. Multiplicatively
decomposed elastoplasticity is used for the finite de-
formation nonlinear material model, while a penalty
method is employed for the frictional contact condition
between billet and die. The die shape design parameter
in the CAD model is converted into a design velocity
field on the rigid surface. The analytical design sensi-
tivity formulation is derived in the continuum domain
and is approximated using the meshfree method. A pen-
alty-regularized contact variational equation is differ-
entiated with respect to die shape design parameters. A
material derivative consistent with the frictional return-
mapping scheme is derived using non-associative plas-
ticity. In order to improve the convergence behavior of
the contact problem, a C*-continous contact surface is
constructed from the scattered set of particles, such that
the contact and friction force change continuously.

KEYWORDS
Die Shape Design, Design Sensitivity Analysis, Fric-
tional Contact, Smooth Surface Contact, Extrusion
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1. INTRODUCTION

Numerical simulation of a metal extrusion process
using a Lagrangian formulation requires a finite-
deformation elastoplastic constitutive relation and a
flexible-rigid body contact condition on the inter-
face."* Finite element-based numerical methods ex-
perience significant problems during large material
deformation, in addition to a complicated elastoplastic
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evolution of the internal variables. In order to address
these difficulties, a meshfreec method is used to solve
nonlinear equations during extrusion simulation.”! In
the meshfree method the structural domain is repre-
sented by a set of particles and the meshfree shape
function is obtained from a set of supporting particles
around an integration point to satisfy a reproducing
condition, which exactly represents a certain order of
polynomials. Since the construction of a shape function
is independent of mesh geometry, the meshfree method
is attractive for both large deformation and large shape-
changing design problems, in which initially regular
mesh may become significantly distorted during
nonlinear analysis and the optimization process. "

A die shape sensitivity formulation of a 3-D contact
problem is developed using a material derivative con-
cept. If a structural component makes contact with
other parts, the contact’s effect on structural perform-
ance must be taken into account in the design. The die
shape design parameter is first defined on the CAD
model, and then converted into the design velocity field
on the rigid surface. The die shape design parameter
exerts its influence on structural performance through
the contact constraint. For the purpose of structural
analysis, the variational inequality is approximated us-
ing a penalty method, and the standard Newton-
Raphason method is used to solve the nonlinear equa-
tion. The frictional mechanism is modeled using non-
associative plasticity.”) A material derivative of the
variational equation is taken to obtain a design sensitiv-
ity equation that uses the same tangent operator as
structural analysis at the converged configuration. By
perturbing the rigid-body geometry, a die shape design
sensitivity analysis can easily be performed.

A piecewise, linear contact surface creates significant
difficulties in the Newton-type iterative method because
it lacks continuity across the surface boundary. From a
computational point of view, a C'-continuous surface is
required to guarantee a continuous contact force across
the boundary. C*-continuity is additionally required to
provide a valid tangent stiffness matrix at each surface.
In the finite element-based method, however, it is diffi-
cult to generate such regular surface patches. In this
paper, a meshfree technique is used to produce a
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smooth surface from a set of scattered particles whose
connectivity information is not provided in advance."

The die shape design of a metal extrusion problem
illustrates the efficiency and accuracy of the proposed
sensitivity calculation method. The computational cost
of sensitivity calculation is about 10~20% that of a re-
sponse analysis. Accuracy of the proposed sensitivity
computation is compared to that using the finite differ-
ence method.

2. CONTACT ANALYSIS

It has been shown that the contact variational ine-
quality can be converted into the constrained optimiza-
tion problem,"”! which in this paper is solved using the
penalty regularization method.

2.1 Contact Kinematics

A brief review of contact analysis is presented to
introduce notations that will appear in the subsequent
DSA section. Throughout this paper, X represents the
undeformed configuration, while x represents the cur-
rent configuration. Figure 1 shows the contact situation

between two bodies, represented by €, andQ?. Q. is

2

x

called a slave body, while Q. is a master body, al-
though such a distinction is inconsequential in contin-

uum formulation. Likewise, part of the boundary T in
Q! is called a slave surface, and part of the boundary
I'? in Q? is called a master surface. The counterparts
of T, and I'} at the undeformed configuration will be
denoted as T, and I'} , respectively. Contact con-
straints are imposed such that the points on ', cannot
penetrate into "> . Let the master surface I be repre-

sented by the two parameters & and & such that a sur-
face point x°e T can be expressed as x°(&,%).

One of the most important steps in the contact analy-
sis process is locating the contact point accurately and

efficiently. The contact point x° € I'2, corresponding to

the slave point xe I',, can be found from the following
consistency condition:

e, (x—-x)=0, a=12 )
where e, is a tangential vector on the master surface,
corresponding to parameter &, (see Figure 1). Equation
(1) provides the closest projection point x° of x, and the
corresponding parametric coordinates at the contact
point are denoted by (&°,&;) . For general surface I,
no explicit form of the solution to (1) is available. Find-
ing contact point x° efficiently is very important for a
large deformation problem. A local Newton method can
be used to solve nonlinear equation (1) with a close

2

initial estimate.

Slave Surface Master Surface

Initial Design
Perturbed Design

Figure 1 Contact kinematics and design perturbation

The gap function is defined as the distance between
two contact points, namely,
g=n-(x—-x)=0 2)
where n is the unit normal vector at the contact point,
and the inequality constraint represents the impenetra-
bility condition, which states that the slave point cannot
penetrate the slave surface. The violated region of con-
straint equation (2) will be penalized as shown in the
following section.

2.2 Variational Formulation and Penalty Method

In the literature, the contact problem is described
using the variational inequality. It is shown that the
variational inequality is equivalent to the constrained
minimization problem, which can be approximated us-
ing the Lagrange multiplier or penalty method."”! In this
paper, the penalty method is chosen to approximate the
variational inequality, without introducing additional
unknowns into the variational equation.

If a region I',(cT}) exists that violates the im-

penetrability condition of (2), then it is penalized using
the following penalty function:

P(x,xc)=%wNJ.r§{ g>dTl’ 3)
where @y is the penalty parameter. Let the symbol
“over-bar” denote a variation of the quantity such that
Z represents the displacement variation. The variation
of the penalty function in (3) contains the variation of
the gap function, which can be obtained from its defini-
tion as

g=n-7 )
Note that, due to the orthogonal condition, the variation
of the normal vector vanishes. The variation of the pen-
alty function in (3) leads to the contact form, defined as
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FEbN(z,i)=wNL en-zZdl' 5)

From a virtual work point of view, the contact form in
(5) can be understood as the work done by contact force
onvgn during the virtual displacement Z .

By using (5), the approximated variational equation
for the penalized contact condition becomes
ay(2,Z)+b,(2,7) = (,(Z), VzeZ ©6)
Note that (6) is nonlinear even if a linear constitutive
model is used, because the inequality constraint is im-
posed through the penalty method on the deformation
field. In (6),

Z={ze [H'( Q) |2(x) =0, xe T} @)

is the space of kinematically admissible displacements,
H'(Q) is first-order Sobolev space, and I'; is the essen-
tial boundary where the displacement is prescribed.

Since the purpose of this paper is to develop a contact
design sensitivity analysis method, references will be
provided for more detailed discussions of structural
aspects. In this paper, an elastoplastic material with a
combined isotropic and kinematic hardening model is
used. In order to handle a finite deformation problem, it
is assumed that the deformation gradient is constructed
by multiplying elastic and plastic parts.™

2.3 Linearization

The nonlinear variational equation (6) can be solved
using a Newton-Raphson iterative method through lin-
earization. The exact tangent operator plays an impor-
tant role in the convergence rate. Linearization of the
structural energy form depends on the constitutive
model, which can be found in the literature.”®! Let the
linearization of a function f{(x) in the direction of Az be
denoted as

d
== focresn| =2Loa

then, the linearization of a,(z,z) and b,(z,Z) be-

®

comes
Llay(z.7)] = a,(2.A2.7) &)
L|b,(2.7)| = by (2. A2, 7) (10)

where Az is the displacement increment and a; (Z:s,0) is
symmetric in its arguments. In the case of elastoplastic
material, the expression of a,(z;Az,Z) is given in

Simo'®!. The expression of b} (z;Az.Z) can be found in

Laursen and Simo."

The linearization of the contact variational form in
(10) is combined with that of the structural energy form
in (9) to set up an incremental system of equations. Let
the left superscript #» denote the current configuration
time 7, and let the right superscript k& denote the current

3

iteration counter. The linearized incremental equation is

a;("zk;AZk“,i)+b;,("zk;AZk+l,i) (ll)
=(,(Z)—a,("2".Z)-b,("2".7), VZeZ

For a given load step, (11) is solved iteratively until the

right side (residual force) vanishes. After convergence,

the decomposed tangent stiffness operator is stored to
be used during DSA.

3. DESIGN SENSITIVITY ANALYSIS
OF THE CONTACT PROBLEM

In this section, a die shape sensitivity formulation is
developed for the contact variational equation using the
material derivative approach. The basic formulas for
material derivatives in nonlinear analysis can be found
in Choi.'” Even if a structure deforms during the
nonlinear response analysis, the material derivative is
always taken at the undeformed configuration. In the
contact problem, transformation to the undeformed con-
figuration is simple, using the relation x = X + z where
x and X are spatial and material coordinates, respec-
tively.

3.1 Material Derivative Formulas

In contrast to structural shape DSA, the geometry of
the initial structure remains fixed during die shape
DSA. Instead, the die geometry changes during design
perturbation. Thus, a design velocity field V°(X°) repre-
sents the design perturbation direction of the rigid body,
and 7is a scalar parameter used to control perturbation
size (see Figure 1). Since the contact constraint is re-
lated to the current coordinate of a material point, the
following derivatives are required. The material deriva-

tive of structural point xe€, at the current
configuration becomes

d d

—(x =—(X+z =z(X 12
dz'( ,)T:O dz'( ,)T:O X) (12)

The superposed dot (for example, z) will be used to
denote the material derivative of a function. However,
perturbation of the contact point x° on the master sur-

face I'", can be obtained using the chain rule and per-

turbing the natural coordinate corresponding to the con-
tact point in the tangential direction, as

d .
— )| =Vi+e,l, (13)
dT 7=0

where a summation rule is used for the repeated indices.
The contact point is perturbed while satisfying the con-
tact consistency condition, in addition to its own design

velocity fields.

The material derivatives of the structural energy and
applied load form depend on which constitutive model
is employed. For a general nonlinear material model
that includes elastoplasticity, the material derivative of
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the structural energy form can be expressed'' ! as

i[aQ (Zr,ir)] = ag(z;z,i) +a}(2,Z) (14)
dr 7=0

where, by replacing z with Az, a,(2:7,Z) is the same
form as the linearized structural energy form defined in
(9). a,(z,z) is the structural fictitious load form, which
contains all known terms from response analysis and
DSA up to the previous load step. Since the structural
domain does mnot change, a{(z,z) only has path-
dependent terms. The material derivative of the applied
load form is independent of displacement when a con-
servative load is considered:
d _

Gelta@] =0

Note that the structural fictitious load form a;,(z,7) is

as)

zero for elastic material. However, for elastoplastic
material, a;,(z,z) requires the sensitivity results of the

plastic variables at the previous load step, which makes
DSA path-dependent.

3.2 Design Sensitivity Analysis of a Contact Problem

Instead of differentiating the variational inequality
for contact DSA, the penalty-approximated variational
equation is differentiated with respect to the die shape
design parameter.

To begin, let the contact surface I', change its shape

due to design perturbation. The contact form in (5) de-
pends on the design in two ways: explicitly through the
contact surface change and implicitly through the state
response z. The material derivative of the contact form
can be obtained as

d _
E[bN(ZT» ZT)]

=, 18 +g2+ggx ;1T (16)

7=0
where xis the curvature of the master surface, and I’}
is the normal component of the die shape design veloc-
ity. The purpose of the following derivations is to ex-
press ¢ and g in terms of z and V°, and the implicit
term z can then be obtained in terms of the explicit
term V°,

From its definition in (2), the material derivative of
the gap function can be obtained as
g=n-(z-V) 17)
Note that only ¢ has a normal component of the varia-
tion. The material derivative of g , however, is not
straightforward. An outline of the derivation is provided

as follows. From its definition in (4), it is necessary to

differentiate the unit normal vector as

d .
—n,| =-(m-e,)e
dT 7=0

(18)

4

where e”is the dual basis of e,. In (18),

= Vi, +x085 (19)

7=0

. d .
e =—
“ dz'(x‘”)

By using (18) and (19), the material derivative of g
can be expressed as

- d —
= — -n
g dT(z oo

(20)
=-n-¢,&, +gm-é,)m(n-€,)

Thus, it is only necessary to calculate the expression of

fa in terms of z and V°. The expression of fa can be

obtained by differentiating the consistency condition in
(1) as

d
—[(x—x)-e =0, =12 21
—lx-x)e |, @1

After rearrangement, fa is expressed in terms of Z and

Veas

&, =Alze ]+ A -V e, +gn- V5]
=8, (2)+E,(-V)

with

Ay =my; —gn-xX'py 23)

Note that 4,4 is also the coefficient matrix that appears

in the Newton iteration method in order to find the
closest contact point in (1).

(22)

By substituting (22) into (20), and by using the ex-
pression of (17), the material derivative of the contact
form can be expressed in terms of z and V°. Since the
objective of design sensitivity analysis is to solve the
implicitly dependent parts in terms of the explicitly
dependent ones, the material derivative of the contact
form in (16) is separated into two parts, as

i[bN(z,j,)] = by (2,2,7) +b},(2.7) (24)
dT 7=0
where
by (£:2.7) = werc Z-nn-zdT
—w, jrc g -x,& &, (2)]dT (25)

+a’NJ.rCX g’[(m-e, (z))m_y(n-€,)]dT

is the same as the linearized contact bilinear form used
in (10) by replacing z with Az, and the contact ficti-
tious load b;,(z,z) is defined as

b (2.7)=b (2;-V°.7) + 0, Lv kgZ-nl¢ dT (26)

Since form by (zee+) is computed during response
analysis, the same process can be used for design sensi-
tivity analysis with different arguments.

The shape design sensitivity equation is obtained by
taking the material derivative of (6) and by using the

American Institute of Aeronautics and Astronautics



relation in (14), (15), and (24) as
ay(2.7,7)+ b (2:2.7) a7
=-a,(2,Z)-b(2.Z), VzeZ
Note that design sensitivity equation (27) is linear and
symmetric with respect to its arguments, and is solved
for each design parameter at a given load step. Each
design parameter has a different design velocity field
V°. The same system of equations is solved with differ-
ent right sides. Since the left side of (27) is the same as
that of (11) in response analysis, it is very efficient to
solve a linear system of equations using an already fac-
torized matrix.

4. FRICTIONAL CONTACT PROBLEM

When friction exists on the contact surface, the struc-
ture experiences a tangential traction force, in addition
to the normal contact force in (5). Since frictional be-
havior is complicated, many idealizations have been
made. The Coulomb friction law is one of the most fre-
quently used methods to describe frictional behavior.
However, it presents numerical difficulties due to fric-
tional force discontinuity. A more advanced friction
theory™ assumes that frictional force elastically in-
creases until reaching a limit value, at which point a
macroscopic slip occurs along the contact surface. This
theory corresponds to the non-associative flow rule in
elastoplasticity. Thus, a similar return-mapping algo-
rithm can be used to determine the frictional force. In
this section, a design sensitivity formulation of this fric-
tional model is developed.

4.1 Friction Model

Frictional force appears parallel to the contact surface
and is expressed as

f=/e" (28)
The friction form of the contact problem can then be
defined by multiplying the frictional force by the virtual
relative slip® as

b (2.7)=[_f,&,dT

The expression of f_a can be obtained by taking the

(29)

variation of consistency condition in (1) as
ApS, =7-¢,

From its definition in (23), the coefficient matrix 4 45
contains the second-order derivative of the contact sur-
face. Thus, the contact surface has to be C*-continuous
in order to have a continuous friction force. This regu-
larity requirement of the contact surface will be dis-
cussed in detail in Section 5.

(30)

In the regularized friction model, frictional force f, is
calculated by using a return-mapping algorithm similar
to that used for elastoplasticity. Initially, frictional force

5

increases in proportion to the amount of relative slip.
This trial frictional force is then compared with the
limit value uapng. If the trial force is smaller than the
limit value, then the trial force becomes the frictional
force (stick condition). If the trial force is greater than
the limit value, then the limit value is used as the fric-
tional force (slip condition). Note that the direction of
the frictional force is parallel to the trial force.

As with the frictionless contact problem, the nonlin-
ear friction form in (29) has to be linearized as part of
the implicit solution process. The linearized friction

form is denoted by bT* (z;Az,Z) , an expression that is

developed in the subsequent section. If the following

definitions are made

b (2,2)=b,(2,Z) +b,(2,7)

b;(Z;AZ,i) = b;,(z; Az,7)+ b; (z;A7,7)

then linearized incremental equation (11) can be ex-

tended to the frictional contact problem as

a;(nzk;AZkH)i) +b;(nzk;AZk+l)2)
=(,(Z)—a,("2".7)-b.("2".7), VzZeZ

It is shown in the next section that the same left side of

(32) can be used in DSA.

GD

(32)

4.2 Design Sensitivity Formulation of Frictional Form

Unlike the frictionless contact form in (5), the fric-
tion form depends on analysis results at the previous
load step because of its updating algorithm. Thus, the
sensitivity equation consists of three parts: implicitly
dependent terms, explicitly dependent terms, and path-
dependent terms. The material derivative of the friction
form can be obtained from (29) as

d _ . KR F 1re
2r @) = L+ L&kl EVHAT (3

As explained in Section 3.2, the last term in (33) can be
calculated from analysis results and design velocity

information. The expression of E can be obtained by
differentiating (30) with respect to the design parameter
as
Aaﬁga =-e, 'iﬁfﬁ —e,(z, _V,;)gﬁ
—(e, 'x,cﬁ}' —&n: X,Caﬁ}')é:ﬁé’g}'
—Eye,-¢,—L5e, €, (34)
N7 1y + g (2,45~ Vip)E,
+z-¢,+(z-V°)-¢e,
Note that (34) includes the implicitly dependent term
(z) and the explicitly dependent term (V°). No path-
dependent term exists, and the expression is the same

for both stick and slip conditions. Also note that the
coefficient of the implicit and explicit term is the same,
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which will be convenient in the sensitivity implementa-
tion stage.

With the stick condition, the traction force increases
in proportion to the amount of relative slip between two
contact surfaces. This increase corresponds to the elas-
tic status of elastoplasticity. The material derivative of
the frictional force contains three contributions:

f, = 0@, (7) : implicit
+a, @ ,,E,(=V°)
7 oMy (7)
where ® , =M, +M,, ,(§,—&)) . Thus, the material
derivative of the frictional force depends on sensitivity
results at the previous load step, which makes the sensi-
tivity equation path-dependent. Again, note that the

expressions of implicit and explicit terms are the same
if  is replaced by V°.

By substituting (34) and (35) into (33), the material
derivative of the friction form is explicitly obtained in
terms of z, V°, and the path-dependent terms, as

d _
E[br (Z» Z)]

:explicit (35)

: path-dependent

=b,(2.2,7Z)+b; (2.Z)
7=0

(36)

where the linearized friction form is defined by collect-
ing all terms that include Z as

by @:2.7) = [ (0P L5 00+ [ A e, 7L ()
—e, 2 58— (e, X}y —gn Xy ) 5L (2)
—&pes-e,(2) = &y(2)e, €, +an-7 58, (2)
+gn-z,,E+my(Z-epe, 7, +7-€48, Z,)
+Z-nn-e, (z)+¢€, -nn-z|}dl’

and the friction fictitious load is obtained by collecting

those explicitly dependent terms and path-dependent
terms as

b (2.7) =by -V .2+ |_ K[, &V dT

o G+ oM 8 &5 dT

Note that the last integral represents those path-
dependent terms that are obtained from the design sen-
sitivity results at the previous load step #,-;.

With the slip condition, the magnitude of the fric-
tional force is determined from the normal contact
force, while the applied direction still runs parallel to
the trial force. From the return-mapping algorithm, the
material derivative of the frictional force for the slip
condition can be obtained as

/., = uw,pn-(z-V°)

+ﬁ[ﬁi’ —p 0" [y =S pp-€]

(38)

(39)

where f;’ is exactly the same as in (35) for the stick

(37

6

condition. By substituting Eqs. (34) and (39) into Eq.
(33), the material derivative of the friction form is ob-
tained. If the implicitly dependent terms are combined,
then the following linearized friction form is defined:

b, (2.2.7) =
o[ Iz, - 0,8(8) ~pp" 1P, &L @ /|| 1dT
1@y [ 2P P’ E (DX s DE, (@) AT
S I ER FAORTE P

— (e, Xy —gn X5 )EE ()~ Epe e, (2)

~&,(@)e, T, + g7, (0) +gn -7 48,

+my (Z-e4e, 7, +7-€4e, - Z,)

+Z-nn-e, (z)+¢€,-nn-z]|dT’

(40)

In a similar way, the explicitly dependent terms and

path-dependent terms are combined to define the fric-
tion fictitious load as

b (2.2)= bV D)+ [ Kf,EVEdT

3 41)
g& (
%"f—,,.ﬁ”wf = PP+ @M el hdr
The last integral in (41) represents path-dependent
terms. It is interesting to note that the form bT* (z.2,7)

+ﬂwNJr

from the stick condition in (37) is symmetric with re-
spect to its arguments, while b, (z;z,Z) from the slip

condition in (40) is not symmetric. This is due to the
non-associative plastic return-mapping algorithm.

By adding (26) and (38) for the stick condition, or
(26) and (41) for the slip condition, the following form
can be defined:
by (2,2)=b,(2,Z)+b,(2,7) 42)
Equation (42) represents the explicitly dependent and
path-dependent terms of the contact condition. As men-
tioned before, since the explicitly dependent terms have
the same form as the implicitly dependent ones,
b;,(z,Z) uses the same contact stiffness matrix from the

contact analysis. Only path-dependent terms need to be
calculated separately.

By adding the material derivative of the friction form
in (36) to (27), the design sensitivity equation for the
frictional contact problem is obtained as
a,(2.7,7)+ b (2:2.7) 43)

=-a,(2,Z)-b,(z,Z), VZeZ
This design sensitivity equation solves the material de-
rivative z for each design variable. Since the left side of
(43) is same as the left side of (32), the design sensitiv-
ity equation uses the same stiffness matrix as the re-
sponse analysis that already has a factorized form. After
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solving for z at load step #,, the path dependent terms
have to be updated for the next time step. Since path-
dependency comes from the frictional force update, the

material derivative fa in (35) or in (39) has to be
stored. It is not necessary to store the material deriva-
tive fa , since (22) can be used from the calculated z. In

addition to the frictional effect, the plastic variables of
clastoplasticity are path-dependent, and their material
derivatives have to be updated accordingly.""!

5. SMOOTH CONTACT SURFACE

In the development of a continuum-based contact
analysis and design sensitivity formulation, it can easily
be seen that the expression of the contact force in (29)
contains the second-order derivative of the master sur-
face, while the linearized contact form in (37) and (40)
contains the third-order derivative. Thus, in order to
have a continuous contact force as well as a stable
Newton method, the master surface should have at least
C’-continuity. If a conventional finite element-based
contact surface representation method is used, disconti-
nuity may occur because it is difficult to impose a C*-
countinuity across the element boundary. One remedy
for this difficulty is to generate a C-continous spline
surface using finite element nodes as control points.!'
However, this approach requires that an nxm regular
array of nodes and meshes be applied to the three-
dimensional contact surface. Wang!® proposed a
method to generate a smooth surface from a scattered
set of particles without requiring mesh connectivity.

In this paper, a smooth master surface is generated by
using a meshfree interpolation function. Since design
sensitivity equation (43) is developed based on the con-
tinuum geometry, the same formulation can apply to
either a piecewise linear surface or a smooth surface
without modification. The sensitivity formulation only
requires information that is already available from con-
tact analysis. However, if a discrete design sensitivity
formulation is used, then differentiation of the surface
generation process has to be taken into account, which
is not only complicated but strongly depends on the
analysis code.

Figure 2 illustrates the process for constructing a
smooth surface from a set of scattered particles using a
meshfree shape function W(&,&). At a given slave par-
ticle x, an NP number of master particles close to the
slave particle is selected to construct a local surface.
These master particles are then projected onto a para-
metric plane using the least-square method. In the
parametric plane, a meshfree interpolation is carried out
using those projected particles. Let(&', &), I=1,....NP
be the parametric coordinates of the projected particles.
The meshfree shape function can be obtained by impos-
ing the reproducing condition as

7

¥, (51 > 52) =H (O»O)Mil (51 > 52)
XH(&] - 511 > 52 - gzl)q)a(gl - 511 > 52 - 521)

where H(&,&) is the monomial basis vector and is de-
termined according to the order of the consistency con-
dition. In the case in which the second-order consis-
tency condition is used, the basis vector becomes

(44)

H(E.E) =1 & & & &8 &7 (45)
The moment matrix M(&,&) in (44) is defined as
M — H _ 4 _ 4

&.%) Z &-&.5-¢) 46)

XHT(; _511952 _521)(1)0(51 _511952 _521)

Since matrix inversion is involved in (44), it is impor-
tant to note that NP has to be large enough so that the
matrix M~ is not singular. Finally, the kernel function
®,(&.&) determines the smoothness of the shape func-
tion W(&.&). Since a minimum of C*-continuity is re-
quired for the master surface, the kernel function can be
selected from the C° cubic B-spline function or from
the C” Gaussian function.

Slave Particle

Meshfree Shape
Function W(&,&)

Figure 2 Smooth contact surface from a scatter set of
particles

After generating the meshfree shape function in the
parametric domain, physical coordinates and the tan-
gential vectors of the master surface can be interpolated
using

X(é:l’é:z) = Z‘{ll(glﬂgz)xl 47)
N
X, (E.8)= Z%xl (48)

Thus, all geometric variables that appear in previous
sections can be calculated.

6. EXTRUSION DIE SHAPE DESIGN

A design problem of the extrusion problem is consid-
ered in order to improve product quality and to reduce
processing costs. Product quality is related to the final
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product shape and the regularity of the product’s me-
chanical properties. The processing cost is related to the
process control force, deformation work, or deforma-
tion efficiency. In addition, process limits have to be
considered in the design stage, such as the maximum
contact stress level that will result in die failure and
punch buckling.

In this example, a forward solid extrusion problem,
as illustrated in Figure 3, is considered. In displace-
ment-driven nonlinear analysis, the vertical displace-
ment of the billet’s upper surface is controlled to push it
down. The reaction force on the billet’s top surface is
then measured as the process control force. Because of
symmetry, a quarter model is used with symmetric
boundary conditions. The ratio of the area reduction is
2.65, and the initial die angle is 30°. The whole die sur-
face is modeled with 612 particles, and a smooth con-
tact surface is locally generated based on the meshfree
approximation method in (47). A contact constraint is
imposed between the billet’s outer surface and the ex-
trusion die surface with a frictional coefficient of u =
0.05.

Figure 4 shows the deformation history and effective
plastic strain at the final configuration. The maximum
effective plastic strain appears at the outer surface of
the billet with a magnitude of 2.68. The initial billet
length of 0.6 m is extended to 1.6583 m at the final
configuration, which represents a 276% extension. This
extension ratio conforms to the area reduction ratio of
2.65 and to the maximum plastic strain of 2.68.

Since the extrusion process generates the desired
final shape from a circular billet, design parameters are
largely limited to the extrusion die shape and material
property. The latter can be considered since it is possi-
ble to adjust the material property by changing the
process temperature. In addition, the frictional coeffi-
cient can be considered a design parameter. In this ex-
ample, die shape represents die depth, die angle, and
dead zone fillet radius. As illustrated in Figure 5, three
design parameters are defined on the circular die. As
explained in Section 3, the design velocity field that
corresponds to the design parameter must be defined on
the extrusion die surface. Figure 5 shows the vector
plots of three design parameters. As the design changes,
particle points on the die surface will move in the direc-
tion of the design velocity vector.

Design sensitivity analysis is carried out using the
design velocity fields defined in Figure 5. The process
work and maximum plastic strain are chosen as per-
formance measures. The computational cost of design
sensitivity analysis is about 10% of the response analy-
sis cost per design parameter. Table 2 shows the design
sensitivity of the process force and the maximum effec-
tive plastic strain. The design parameter u#; contributes
most significantly to the process force, while the design
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parameters u#, and w5 contribute most to the effective
plastic strain.

Since the design parameter #; (the die angle) contrib-
utes most to the process work, a new updated design is
generated by reducing the die angle to 27°, which is a
10% reduction from the initial design. Figure 6 shows
normalized extrusion process forces at initial and new
designs. The area covered by the process force is the
process work. As expected from design sensitivity re-
sults, the process work is reduced by 4.5% for the new
design.

4073

b

% l/// Extrusjon Die
%/

uzz.l

| &

-

1.1

uy = 30°

45

!
!
|
:.124

25

Figure 3 Design parameterization of circular-circular
extrusion

Figure 4 Deformation history and effective plastic
strain of the extrusion problem
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Figure 5 Die shape design velocity fields
0.0 : Process Force
- } — Initial Design
‘\\ ! — New Design

0.3

Displacement

0.4

Figure 6 Extrusion process forces at the initial and new
designs

Table 2 Relative design sensitivity results for the extru-
sion problem

Design Process Work Plastic Strain
Parameter Sensitivity Sensitivity

u —5.50E-3 —5.32E-2

Uy 6.60E—4 —6.24E-3

Us —6.65E—5 —1.10E—4

7. CONCLUSION

A meshfree analysis and die shape design procedure
for the metal extrusion problem has been developed.
Since the explicitly dependent terms have the same
expression as appears in the linearization process, ma-
trix information from contact analysis is readily used
for design sensitivity purposes. However, the path-
dependent terms must be derived separately when fric-
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tion exists between contact interfaces. Since the contin-
uum-based formulation is used, differentiation of the
complicated smooth surface construction process was
unnecessary, and virtually any surface construction
method is applicable without modifying the formula-
tion. The accuracy and efficiency of sensitivity infor-
mation is compared with finite difference results with
excellent agreement.
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Table 1 Accuracy of design sensitivity results

Design  Performance v Ay VAT Ayl y/ Arx100

u; 7344 -7.66403 -8.74269E-7 -8.74284E-7 100.00
Z33] -7.11372 -8.70281E-7 -8.70297E-7 100.00
7319 -6.46946 -8.41994E-7 -8.42008E-7 100.00
7307 -5.78084 -7.79330E-7 -7.79347E-7 100.00
Zy95 -5.07427 -6.83249E-7 -6.83270E-7 100.00
7783 -4.36168 -5.64229E-7 -5.64249E-7 100.00
7y -3.64779 -4.38470E-7 -4.38491E-7 100.00
Z)59 -2.93541 -3.23620E-7 -3.23641E-7 99.99
7786 -4.33574 -5.13241E-7 -5.13267E-7 100.00
7312 -5.77780 -7.17279E-7 -7.17305E-7 100.00

i Zau -7.66403 1.01763E-6 1.01722E-6 100.04
Z33] -7.11372 9.93909E-7 9.93374E-7 100.05
7319 -6.46946 9.34760E-7 9.34128E-7 100.07
7307 -5.78084 8.48858E-7 8.48161E-7 100.08
Zy95 -5.07427 7.46921E-7 7.46197E-7 100.10
7783 -4.36168 6.36105E-7 6.35389E-7 100.11
7y -3.64779 5.21189E-7 5.20510E-7 100.13
Zy59 -2.93541 4.05932E-7 4.05317E-7 100.15
7786 -4.33574 6.24759E-7 6.23955E-7 100.13
7312 -5.77780 8.39500E-7 8.38630E-7 100.10

us 7344 -7.66403 -1.73855E-7 -1.73653E-7 100.12
Z33] -7.11372 -3.13213E-7 -3.12915E-7 100.10
7319 -6.46946 -5.02555E-7 -5.02153E-7 100.08
7307 -5.78084 -7.15329E-7 -7.14828E-7 100.07
Zy95 -5.07427 -9.30001E-7 -9.29415E-7 100.06
7783 -4.36168 -1.13062E-6 -1.12997E-6 100.06
7y -3.64779 -1.30268E-6 -1.30198E-6 100.05
Zy59 -2.93541 -1.43077E-6 -1.43006E-6 100.05
7786 -4.33574 -1.46946E-6 -1.46873E-6 100.05
7312 -5.77780 -1.28150E-6 -1.28086E-6 100.05
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