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Abstract In this paper, a continuum-based shape design
sensitivity formulation for a frictional contact problem
with a rigid body is proposed using a meshless method.
The contact condition is imposed using the penalty
method that regularizes the solution of variational in-
equality. The shape dependency of the contact variational
form with respect to the design velocity ®eld is obtained.
The dependency of the response with respect to the shape
of the rigid body is also considered. It is shown that the
sensitivity equation needs to be solved at the ®nal con-
verged load step for the frictionless contact problem,
whereas for the frictional contact case the sensitivity so-
lution is needed at the converged con®guration of each
load step because the sensitivity of the current load step
depends on that of the previous load step. The continuum-
based contact formulation and consistent linearization is
critical for accurate shape design sensitivity results. The
accuracy of the proposed method is compared with the
®nite difference result and excellent agreement is obtained
for a door seal contact example. A design optimization
problem is formulated and solved to reduce the contact
gap opening successfully in a demonstration of the pro-
posed method.

1
Introduction
The contact problem in linear elasticity can be categorized
as a free boundary value problem. In general, the region
where contact occurs is unknown until the solution is
obtained. Stampacchia and Lions [1, 2], pioneers in this
®eld, formulated the free boundary value problem as a
variational inequality (VI). The VI in linear elasticity can
be considered as the projection of a solution in Hilbert
space into a convex subset. Since the projection is a type of
constraint, VI can be reformulated as a constrained min-
imization problem. This problem can then be solved by
either the Lagrange multiplier method or the penalty
method. Hughes et al. [3], proposed a ®nite element
analysis (FEA) method for the contact problem, with a
small deformation assumption. Kikuchi and Oden [4]

studied contact VI theoretically from an engineering
standpoint and formulated it as a constrained minimiza-
tion problem.

As the structure experiences large deformation, the
small deformation assumption is no longer valid. New
algorithms for general large deformation contact problems
were proposed in several papers. For example, Wriggers
and Simo [5] suggested an algorithm for fully nonlinear
contact problems by introducing a contact tangent stiff-
ness matrix. Parisch [6] proposed a three-dimensional
contact algorithm and used a linear master segment for
discretization of contact surface. Saleeb et al. [7] devel-
oped a contact algorithm for arbitrary curved geometry.
Laursen and Simo [8] proposed a continuum-based con-
tact algorithm. The contact condition is imposed on both
the continuum and discrete domains. The continuum-
based formulation is critical for the continuum-based
shape design sensitivity analysis (DSA) method proposed
in this paper.

Since the mechanism of frictional phenomena is quite
complicated, a representative mathematical model of
friction is critically important. The classical Coulomb
friction law is simple and is commonly used in many ap-
plications. Oden and Martins [9] studied dynamic friction
law extensively where frictional effects depend on the
speed of relative slip and interface asperities. However in
the usual range of engineering application, dynamic effects
of friction are negligible [9]. Michalowski and Mroz [10]
developed a friction model based on nonassociative elasto-
plasticity, and Wriggers et al. [11] extended their model
using a material interface law to describe frictional phe-
nomena. They divided tangential slip into a micro-slip
caused by elastic deformation of asperities and a macro-
slip due to relative plastic sliding of asperities.

Considerable effort has also been devoted toward the
development of DSA methods for linear contact problems.
Mignot [12] proved mathematically that the projection on
the convex set in the Hilbert space is directionally differ-
entiable. Sokolowski and Zolesio [13] derived a sensitivity
formulation for VI from Mignot's result. They concluded
that the solution of VI is conically differentiable (or di-
rectionally differentiable) and its shape sensitivity is a
solution of another VI, which is a projection onto a
common convex set of tangential and orthogonal sub-
spaces. Many researchers have also developed DSA
methods for nonlinear contact problems. Spivey and
Tortorelli [14] presented a sensitivity formulation of the
nonlinear frictionless contact problem for beam, and op-
timized the geometry of the rigid surface. Antunez and
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Kleiber [15] derived a sensitivity formulation of the con-
tact problem using an Eulerian approach to analyze the
structure. Pollock and Noor [16] developed a nonlinear
dynamic sensitivity formulation using the discrete DSA
method by taking derivatives of the ®nite element matrix.
All the aforementioned researches in the nonlinear contact
sensitivity analysis are con®ned to non-shape design
sensitivity formulations.

In this paper, a continuum-based DSA method for
shape design variables is presented for the contact prob-
lem of nearly incompressible hyper-elastic material (rub-
ber-type material). Since the contact formulation is
independent of the constitutive model, the proposed
method can be applied to other material models if ap-
propriate structural sensitivity formulation is used. The
shape of rubber components is crucial to the contact force
characteristics and the total volume of elastomer. Under
the regularity assumption, Santos and Choi [17] derived
shape sensitivity of nonlinear elastic materials. This
method was extended to the buckling load factor of non-
linear structures with elastic materials by Park and Choi
[18]. Recently, Choi and Duan [19] formulated nonlinear
shape sensitivity of hyper-elastic material using ABAQUS.
When large loads are applied, however, a mesh distortion
problem is encountered in the nonlinear sensitivity anal-
ysis of a 2-D engine mount example.

The computational dif®culties associated with the
nonlinear analysis of the hyper-elastic material are due to
the complexities involved in very large deformation and
incompressible constraints. An effective numerical method
that can handle large deformation is highly desirable for
analysis of rubber components. The meshless method is an
ideal choice since, unlike the conventional FEA method,
the solution is much less sensitivity to the mesh distortion.
Lancaster and Slakauskas [20] introduced the idea of the
moving least squares method to interpolate surfaces. Since
then, several researchers applied a similar concept to
structural problems. Belytschko et al. [21], proposed the
Element Free Galerkin (EFG) method with an accurate
numerical integration method and accurate treatment of
essential boundary conditions. Liu et al. [22, 23] developed
the Reproducing Kernel Particle Method (RKPM) by in-
troducing a modi®ed kernel function that is constructed
based on the enforcement of reproducing conditions such
that the kernel estimates of displacement variables exactly
reproduce polynomials up to certain degree. The RKPM
was further extended to highly nonlinear and contact
problems by Chen et al. [24, 25, 26]

In this paper, RKPM is utilized for the analysis tool,
and, thus, DSA. A continuum-based shape DSA formula-
tion is developed for a large deformation problem, which
has frictional contact with a rigid surface. A nearly in-
compressible hyper-elastic material model is solved using
a pressure projection method [29].

2
Reproducing kernel particle method
Liu et al. [22, 23] developed RKPM by introducing a
modi®ed kernel function that is constructed based on the
enforcement of reproducing conditions such that the
kernel estimates of displacement variables exactly repro-

duce polynomials up to a certain order. In RKPM, a dis-
placement function z�x� is approximated using a
reproducing kernel approximation as

zR�x� �
Z

X
C�x; xÿ y�/a�xÿ y� z�y�dy �1�

where zR�x� is the reproduced displacement function of
z�x� and /a�xÿ y� is the kernel function (or weight
function) with a support measure of ``a''. In Eq. (1),
C�x; xÿ y� is the correction function de®ned by

C�x; xÿ y� � q�x�TH�xÿ y� �2�
where H�x�T � �1; x; x2; . . . ; xn� and q�x�T � �q0�x�;
q1�x�; . . . ; qn�x�� are the interpolation function and un-
known coef®cient vector, respectively. In Eq. (2), q�x� is
determined by imposing the n-th order completeness re-
quirement. Expanding z�y� in Eq. (1) using Taylor series
expansion and imposing the n-th order completeness
condition yield

zR�x� �
Z

X
C�x; xÿ y�/a�xÿ y� z�y�dy

� �m0�x�z�x� �
X1
n�1

�ÿ1�n
n!

�mn�x� dnz�x�
dxn

�3�

where

�mn�x� �
Xn

k�1

qk�x�mn�k�x� �4�

mn�x� �
Z

X
�xÿ y�n/a�xÿ y�dy �5�

For the reproduced function to exactly represent original
function up to n-th order which is used as the reproducing
condition,the following conditions should be satis®ed,

�m0�x� � 1 �mk�x� � 0 k � 1; . . . ; n �6�
which means zR�x� in Eq. (5) represents z�x� exactly up to
the n-th order derivative. Equation (6) represents the fol-
lowing set of equations (reproducing condition):

M�x�q�x� � H�0� �7�

M�x� �
m0�x� m1�x� . . . mn�x�
m1�x� m2�x� . . . mn�1�x�
: : . . . :

mn�x� mn�1�x� . . . m2n�x�

2664
3775 �8�

H�0�T � 1; 0; . . . ; 0� � �9�
Thus, the coef®cient of reproducing condition q�x� can be
obtained by solving Eq. (7). The correction function
C�x; xÿ y� can be computed from Eq. (2)

C�x; xÿ y� � H�0�TM�x�ÿ1H�xÿ y� �10�
Introducing Eq. (10) into Eq. (1) leads to the following
Reproducing Kernel approximation:

zR�x� � H�0�TM�x�ÿ1
Z

X
H�xÿ y�/a�xÿ y�z�y�dy

�11�
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To develop a shape function for discrete approximation,
Eq. (11) must be discretized. Suppose that the domain X is
discretized by a set of particles �x1; :::; xNP�, where xI is the
location of particle I, and NP is the total number of par-
ticles. Using a simple trapezoidal rule, Eq. (11) is dis-
cretized into

zR�x� �
XNP

I�1

C�x; xÿ xI�/a�xÿ xI�zIDxI �12�

where DxI is a measure of length associate with node I. It is
hard to determine DxI in a multi-dimensional case but it
can be treated as a weight of the nodal value. Since the
purpose of discretizing the continuous reproducing
equation is to obtain a set of shape functions, one can
simply set DxI to unity in the discretization of Eq. (1) and
applying the reproducing conditions on the discretized
equation to yield Eq. (12) with DxI � 1. Note that the re-
sulting moment matrix M�x� is also expressed in a discrete
form with unit weight. Equation (12) can be rewritten,
using generalized displacement dI , as

zR�x� �
XNP

I�1

UI�x�dI �13�

where UI�x� � C�x; xÿ xI�/a�xÿ xI�. The function UI�x�
is interpreted as the particle or meshless shape function of
particle I, and dI is the associated coef®cient of approxi-
mation, often called the generalized displacement. The
shape function UI�xJ� depends on the global coordinate xJ ,
whereas the shape function of the ®nite element method
depends on a coordinate of reference geometry. In large
deformation problems, a Lagrangian shape function is
proposed by Chen et al. [24] to assure kernel stability
throughout the course of large material deformation and
to reduce CPU time since the shape functions and their
material derivatives are computed only at the undeformed
stage. It should also be noted that, in general, the meshless
shape function does not bear the Kronecker delta prop-
erties, i.e., UI�xJ� 6� dIJ . Therefore, for a general function
z�x� which is not a polynomial, dI in Eq. (13) is not the
nodal value of z�x�.

To specify essential boundary conditions, i.e., pre-
scribed value at node points, the Lagrange multiplier
method can be used to impose those conditions. Let the
potential of the structure be U . The total potential be-
comes

P � U ÿ
Z

CD

ki�zi ÿ fi�dC �14�

where CD is the essential boundary and f is the prescribed
displacement vector. A summation rule is used for the
repeated right subscript. The variation of this total po-
tential is

�P � �U ÿ
Z

CD

ki�zi dCÿ
Z

CD

�ki�zi ÿ fi�dC �15�

where �z means variation of displacement. The ``over bar''
is used to denote the ®rst-order variation throughout this
paper since the usual notation of the variation d can be
confused with design perturbation or Dirac delta function.

Also, z denotes the displacement function instead of usual
notation u, which is reserved as the design parameter. If
the problem contains many boundary conditions then the
excessive number of the Lagrange multiplier greatly in-
creases the size of the system matrix. The semi-positive
de®niteness of the system matrix also needs special
treatment in the solution phase. For the case of the contact
problem, since contact constraints are imposed through
the physical coordinate of the material point, it is incon-
venient or impossible to use the generalized displacement.
In this work, a direct transformation method proposed by
Chen et al. [24] to treat boundary conditions and contact
constraints systematically is employed.

3
Frictional contact analysis
The contact conditions can be divided into the normal
impenetration and tangential slip. The normal impene-
tration condition prevents penetration of one body into
another and the tangential slip represents frictional be-
havior of a contact surface. When there exists a friction in
the contact problem, the solution depends on the history
of the load applied to the structure. Classical Coulomb
friction law is commonly used in computational mechan-
ics. As an alternative to Coulomb frictional law, a frictional
interface law by Wriggers et al. [11] is utilized in this
paper. This friction law is a regularized version of Cou-
lomb law where the regularization parameter can be re-
lated to experimental observation.

3.1
Contact condition with rigid surface
Figure 1 shows a general contact condition with a rigid
surface in R2. Since the motion of the rigid surface is
prescribed throughout the analysis, a natural coordinate n
is used to represent the location on the rigid surface. The
coordinate of contact point xc can be represented using a
natural coordinate at the contact point nc by

xc � xc�nc� �16�
The normal impenetration condition can be imposed on
the structure by measuring the distance between a part of
the structural boundary Cc and the surface of the rigid
surface as shown in Fig. 1. The normal impenetration

Fig. 1. Frictional contact condition in R2
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condition can be de®ned, using the normal gap function gn

which measures the normal distance, as

gn � �xÿ xc�nc��Ten�nc� � 0; x 2 Cc �17�
where en�nc� is the unit outward normal vector of the rigid
surface at the contact point. The contact point xc that
corresponds to the body point x 2 Cc is determined by
solving the following nonlinear equation,

u�nc� � �xÿ xc�nc��Tet�nc� � 0 �18�
where et � t= tk k is the unit tangential vector and t � xc;n
is the tangential vector at the contact point. Equation (18) is
called a contact consistency condition. In Eq. (18) xc�nc� is
the closest projection point of x 2 Cc onto the rigid surface
by imposing the contact consistency condition.

As the contact point moves along the rigid surface, there
exists a frictional force along the tangential direction of the
rigid surface, that resists the tangential relative movement.
Tangential slip function gt is the measure of the relative
movement of the contact point along the rigid surface,

gt � kt0k�nc ÿ n0
c� �19�

where t0 and n0
c are the tangential vector and natural co-

ordinate of the previous converged time step or load step.
Right super-script 0 denotes the previous con®guration
time.

It is well known that the contact problem is classi®ed as
a VI problem. Since a VI problem is equivalent to a con-
strained minimization problem, the original VI problem
can be converted to a constrained minimization problem,
which can be solved using an approximation method, e.g.,
the penalty method. If there exists a region Cc which vi-
olates the normal impenetration condition of Eq. (17), it is
penalized using a penalty function. Similarly, the tangen-
tial movement of Eq. (19) can also be penalized under stick
condition. De®ne the contact penalty function for the
penetrated region by

P � 1

2
xn

Z
Cc

g2
n dC� 1

2
xt

Z
Cc

g2
t dC �20�

where xn and xt are penalty parameters for normal im-
penetration and tangential slip. The penalty function de-
®ned in Eq. (20) leads to an exterior penalty method where
the solution approaches from the infeasible region. This
means the normal impenetration condition will be violat-
ed, but the amount of the violation is decreased as the
penalty parameter is increased.

The ®rst variation of P yields the contact variational
form, which is de®ned by

b�z;�z� � xn

Z
Cc

gn �gn dC� xt

Z
Cc

gt�gt dC �21�

In Eq. (21), xngn corresponds to the compressive normal
force and xtgt corresponds to the tangential traction force.
The tangential traction force increases linearly with tan-
gential slip gt until it reaches a normal force multiplied by
the friction coef®cient. The contact variational form
Eq. (21) can be expressed in terms of the displacement
variation. For the convenience of the derivations to follow,
de®ne several scalar symbols

a � eT
nxc;nn; b � eT

t xc;nn; c � eT
nxc;nnn;

c � ktk2 ÿ gna; m � ktkkt0k=c
�22�

Note that if the rigid surface is approximated by a piece-
wise linear function, then a � b � c � 0 and m � 1.

By taking the ®rst variation of the normal gap function
in Eq. (17) and using the variation of the contact consis-
tency condition in Eq. (18), the ®rst variation of the nor-
mal gap function can be obtained as

�gn�z; �z� � �zTen �23�
where the variation of the natural coordinate at the contact
point is canceled by an orthogonal condition. The normal
gap function can vary only in a normal direction of the
rigid surface, which is physically meaningful. The ®rst
variations of the unit tangential and normal vector can
also be obtained as

�et � a
c

en��zTet� �24�

�en � ÿ a
c

et��zTet� �25�
The ®rst variation of the tangential slip function, Eq. (19),
becomes,

�gt � kt0k�nc � m�zTet �26�
Note that the ®rst variations of t0k k and n0

c are zero since
they are the solutions of the previous time step (or load
step) that are ®xed at the current load step. By using Eqs.
(23) and (26) the contact variational form Eq. (21) can be
rewritten in terms of the variation of displacement as

b�z;�z� � xn

Z
Cc

gn�zTen dC� xt

Z
Cc

mgt�z
Tet dC �27�

The ®rst term comes from the normal impenetration
condition and the magnitude of the normal impenetration
force is proportional to the violation of the impenetration
condition. The second term comes from frictional effects.
The frictional traction force acts in the tangential direction
proportional to the tangential slip and is scaled by cur-
vature through m. The frictional force is bounded above by
a compressive normal force multiplied by the friction
coef®cient in Coulomb friction law. But for the case of
small slip (micro-displacement), the traction force is
proportional to the tangential slip. The penalty parameter
xt is a constant for this case. Figure 2 shows the friction
curve used in this paper. An exact stick condition repre-
sented by a step function in the classical Coulomb friction

Fig. 2. Frictional interface model
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law is now regularized by a piecewise linear function as
shown in Fig. 2 with the penalty parameter xt serving as a
regularization parameter. As demonstrated in Fig. 2, this
regularized friction law reduces to the classical law as
xt !1. A regularized stick condition occurs when:

jxtgtj � jlxngnj �28�
Otherwise, it becomes a slip condition and xtgt � ÿlxngn.
In Eq. (28), l is the Coulomb friction coef®cient. For the
case of the slip condition, the contact variational form
must be modi®ed. Thus Eq. (27) must be divided into two
cases as

b�z;�z� �xn

Z
Cc

gn�zTen dC

�
�xt

R
Cc

mgt�z
Tet dC; if jxtgtj � jlxngnj

ÿlxnsgn�gt�
R
Cc

mgn�zTet dC; otherwise

(
�29�

3.2
Linearization of stick condition
As the structure experiences a ®nite deformation, the re-
lation between the displacement and response becomes
nonlinear. The contact constraints make the problem even
more nonlinear. The Newton type method is the most
popular tool to solve the nonlinear systems of equations in
computational mechanics. Assume that the con®guration
of a structure at load step n is known. The con®guration of
structure at load step n� 1 is computed using incremental
analysis, which is formulated by a linearization procedure.
The contact variational form for the stick condition at load
step n� 1 can be written as

b�n�1z;�z� � xn

Z
Cc

n�1gn�zT n�1en dC

� xt

Z
Cc

n�1mn�1gt�z
T n�1et dC

� bN�n�1z;�z� � bT�n�1z;�z� �30�
where bN�n�1z;�z� is the normal impenetration form and
bT�n�1z;�z� is the tangential stick form. The left super-
script is used to denote the con®guration time and will be
omitted unless necessary for clari®cation. Equation (30) is
linearized at load step n� 1 using the incremental form.
The incremental form of the normal gap and the
tangential slip function can be computed using similar
procedures for computing the ®rst variations in Eqs. (23)
and (26) as

Dgn�z; Dz� � eT
nDz �31�

Dgt�z; Dz� � meT
t Dz �32�

where Dz is an incremental displacement vector. The in-
cremental form of unit normal and tangential vectors can
be derived using similar procedure as in Eqs. (24) and (25)
as

Det � a
c

en�eT
t Dz� �33�

Den � ÿ a
c

et�eT
t Dz� �34�

The standard linearization of a normal impenetration form
in Eq. (30) leads to a normal impenetration bilinear form
de®ned by

b�N�z; Dz;�z� � xn

Z
Cc

�zTeneT
nDz dC

ÿ xn

Z
Cc

�agn=c��zTete
T
t Dz dC

�35�

Note that, in Eq. (35), there is a component in the tan-
gential direction because of the curvature effects. The
linearization of a tangential stick condition leads to the
tangential stick bilinear form de®ned by

b�T�z; Dz;�z� � xt

Z
Cc

m2�zTete
T
t Dz dC� xt

Z
Cc

�amgt=c��zT

� �eneT
t � ete

T
n�Dz dC� xt

Z
Cc

�mgt=c2�

� ��cktk ÿ 2ab�gn ÿ bktk2��zTete
T
t Dz dC

�36�
In Eqs. (35) and (36) higher-order terms are ignored. The
contact bilinear form is the sum of Eqs. (35) and (36),

b��z; Dz;�z� � b�N�z; Dz;�z� � b�T�z; Dz;�z� �37�
For the case of the stick condition, the contact bilinear
form Eq. (37) is symmetric with respect to the incremental
displacement and the variation of displacement. This is
expected since the elastic stick contact condition is a
conservative system.

3.3
Linearization of slip condition
As the contact point is forced to move along the contact
surface leading to a violation of Eq. (28), the slip contact
condition is applied and the second equation of Eq. (29) is
used. Contact variational form for slip condition at load
step n� 1 is

b�n�1z;�z� � xn

Z
Cc

n�1gn�zT n�1en dCÿ lxn sgn�n�1gt�

�
Z

Cc

n�1mn�1gn�zT n�1et dC �38�

The ®rst term is the same as the contact variational form
for a stick condition and its normal impenetration bilinear
form b�N�z; Dz;�z� is given in Eq. (35). For the case of the
slip contact condition, the tangential penalty parameter xt

is related to normal impenetration penalty parameter xn

according to relation

xt � ÿlxnsgn�gt� �39�
The tangential slip form for the slip condition is

bT�n�1z;�z� � xt

Z
Cc

n�1mn�1gn�zT n�1et dC �40�

The linearization of Eq. (40) leads to a tangential slip
bilinear form as
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b�T�z; Dz;�z� � xt

Z
Cc

m�zTete
T
nDz dC� xt

Z
Cc

�amgn=c��zT

� �eneT
t � ete

T
n�Dz dC� xt

Z
Cc

�mgn=c2�

� ��cktk ÿ 2ab�gn ÿ bktk2��zTete
T
t Dz dC

�41�
The contact bilinear form is the sum of Eqs. (35) and (41)
as

b��z; Dz;�z� � b�N�z; Dz;�z� � b�T�z; Dz;�z� �42�
For the case of the slip condition, the contact bilinear form
Eq. (42) is not symmetric with respect to the incremental
displacement and the variation of the displacement. The
system is no longer conservative as the frictional slipping
dissipates energy.

3.4
Variational principle for finite deformation
with frictional contact problem
Even though the contact formulation derived is applicable
for general contact problems, it is applied to hyper-elastic
material in this paper. For nearly incompressible hyper-
elastic material, there exists a strain energy density func-
tion, and the stress-strain relation can be established using
the derivative of a strain energy density function. The
nearly incompressibility constraint can be formulated
using a perturbed Lagrangian formulation [30] or a pen-
alty method in conjunction with a pressure projection [29,
32] as a generalization of the perturbed Lagrangian
formulation. The Rivlin-type material model with nearly
incompressible constraint is used in this paper. For the
case of hyper-elastic material with a frictional contact
problem, the variational principle for virtual work can be
written as

a�n�1z;�z� � b�n�1z;�z� � `��z�; 8�z 2 Z �43�
where a�n�1z;�z� is the variational form for the structural
part, `��z� is a work done by an external force through
variational displacement, and Z is the space of kinemati-
cally admissible virtual displacements. The variational
form and linearized form for structure are provided in
Refs. [24, 31] and a pressure projection method is em-
ployed following Ref. [32]. Let the current load step be
n� 1 and let the current iteration count be k� 1. As-
suming that the external force is independent of dis-
placement, the linearized incremental equation of Eq. (43)
is obtained as

a��n�1zk; Dzk�1;�z� � b��n�1zk; Dzk�1;�z�
� `��z� ÿ a�n�1zk;�z� ÿ b�n�1zk;�z�; 8�z 2 Z �44�

Equation (44) is linear in incremental displacement for
a given displacement variation. The linearized system
of Eq. (44) is solved iteratively with respect to incre-
mental displacement until the residual forces (right side
of Eq. (44)) vanish at each load step. The path de-
pendency of the problem comes from the tangential slip
function.

4
Design sensitivity formulation
for frictional contact problem
A structural system in the equilibrium con®guration at
load step n corresponding to the initial design 0X is given
in Eq. (43). Let the design be perturbed by parameter s and
the perturbed design has an equilibrium con®guration

a0Xs
�zs;�zs� � b0Cs

�zs;�zs� � `0Xs
��zs�; 8�zs 2 Zs �45�

where the subscript 0X and 0C indicate the dependence of
these terms on the shape of the original con®guration.
Even though the solution of VI is directionally differen-
tiable, the solution zs�Xs� of Eq. (45) referred to the initial
coordinates Xs of the perturbed domain is assumed to be
differentiable with respect to the shape design variable
because of the regularization property of the penalty
method. The material derivatives of the structural varia-
tional form and external load form in Eq. (45) for elastic or
hyper-elastic material become

d

ds
a0Xs
�zs;�zs�

� �
s�0
� a��z; _z;�z� � a0V�z;�z� �46�

d

ds
`0Xs
��zs�

� �
s�0
� `0V��z� �47�

where _z denotes the material derivative of the displace-
ment function. For detailed derivations refer to Ref. [33].
The material derivative formulas for linear elastic material
are discussed by Haug et al. [33], and Santos and Choi [17]
for nonlinear elasticity.

4.1
Design sensitivity formulation for frictional contact
Before taking the ®rst-order variation of the normal im-
penetration variational form, consider ®rst the funda-
mental properties of differentiation related to the contact.
The material derivative of structural point x 2 X at load
step n is

d

ds
�xs�js�0 �

d

ds
�Xs � zs�js�0

� V�X� � _z�X� �48�
where V�X� is design velocity vector at X and the relation
x � X� z is used. The con®guration at 0X is perturbed in
the direction of V(X) and the perturbation of con®gura-
tion at load step n is affected by V(X) explicitly and _z�X�
implicitly. On the other hand, the contact point on the
master surface Xc 2 Cc can be perturbed by the change of
the natural coordinate corresponding to the contact point
in the tangential direction as

d

ds
�xc�js�0 � Vc�Xc� � t

d

ds
�nc� �49�

where Vc�Xc� is the design velocity of the rigid surface at
the contact point. The design perturbation of the rigid
body can also be considered using Eq. (49).

Since the normal impenetration form appears in both
the stick and slip conditions, the material derivative of the
normal impenetration form is considered ®rst. A normal
impenetration form at the perturbed domain is
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bNs�zs;�zs� � xn

Z
Ccs

gnseT
ns

�zs dCs �50�

The derivative of normal impenetration form, Eq. (50), at
the perturbed boundary Cs is

d

ds
bNs�zs;�zs�� �s�0 � xn

Z
Cc

d

ds
�gn�eT

n�z� gn
d

ds
�en�T�z

� �
dC

� xn

Z
Cc

jgneT
n�z�VTn�dC �51�

where j is a curvature of the contact boundary and V is
the design velocity ®eld. The derivatives of the unit normal
vector and the normal gap function depend on the deriv-
ative of the natural coordinate at the contact point, which
can be obtained from the variation of the contact consis-
tency condition Eq. (18) as

d

ds
�nc�js�0 � �ktk=c��Vÿ Vc � _z�Tet � �gn=c�VT

c;nen

�52�
The material derivatives of the unit normal vector and the
tangential vector can be expressed in terms of the design
velocity and the material derivative of the displacement as

d

ds
�et�js�0 �

a
c
�Vÿ Vc � _z�Tet � gn

c
VT

c;nen

h i
en �53�

d

ds
�en�js�0 � ÿ

a
c
�Vÿ Vc � _z�Tet � gn

c
VT

c;nen

h i
et �54�

For the case of a general rigid surface, the unit normal
vector en and the tangential vector et may change as the
shape changes. It is necessary to evaluate the derivative of
the unit normal and tangential vectors of the rigid surface
from Eqs. (53) and (54).

The material derivative of normal gap function can be
found by taking variation of Eq. (17) as

d

ds
�gns�js�0 �

d

ds
�xs ÿ xcs�Tens

h i
s�0

� �Vÿ Vc � _z�Ten �55�
Equation (55) implies that, for arbitrary perturbation of
the structural shape, only the normal components of the
perturbation contribute to the material derivative of the
normal gap function. The material derivative of the normal
impenetration form, Eq. (51), becomes

d

ds
bNs�zs;�zs�� �s�0 � xn

Z
Cc

�zTeneT
n�Vÿ Vc � _z�dC

ÿ xn

Z
Cc

�agn=c��zTete
T
t �VÿVc � _z�dC

ÿ xn

Z
Cc

�gnktk=c��zrete
T
nVc;n dC

� xn

Z
Cc

jgneT
n�z�VTn�dC �56�

Collecting the terms which have explicit dependence on
the design velocity ®eld from Eq. (56) and de®ning them as
the normal impenetration ®ctitious load form,

b0N�z;�z� � xn

Z
Cc

�zTeneT
n�Vÿ Vc�dC

ÿ xn

Z
Cc

�agn=c��zTete
T
t �Vÿ Vc�dC

ÿ xn

Z
Cc

�gnktk=c��zTete
T
nVc;n dC

� xn

Z
Cc

jgneT
n�z�VTn�dC �57�

The other two terms in the right side of Eq. (56) are of the
same form as the normal impenetration bilinear form in
Eq. (35). If the material derivative of the displacement is
substituted into the incremental displacement, Eq. (56)
becomes

d

ds
�bNs�zs;�zs��s�0 � b�N�z; _z;�z� � b0N�z;�z� �58�

The tangential slip function in Eq. (19) can be expressed at
the perturbed domain as

gts � kt0ks�ncs
ÿ n0

cs
� �59�

In Eq. (59), t0 and n0
c are evaluated at the previous con-

verged load steps and their derivatives can be obtained by
taking the variation of the contact consistency condition at
load step nÿ 1. The material derivative of the tangential
slip function in Eq. (59) is

d

ds
�gt� � meT

t �Vÿ Vc � _z� � �gnkt0k=c�eT
nVc;n

� b0gt ÿ kt0k2

c0
e0 T

t �Vÿ Vc � _z0�

� g0
nb

0�nc ÿ n0
c� ÿ g0

nkt0k
c0

e0 T
n Vc;n

� �nc ÿ n0
c�e0T

t Vc;n �60�
where _z0 is the material derivative of the displacement at
load step nÿ 1. Thus the derivative of the tangential slip
function at load step n depends on the derivative of the
displacement at load step nÿ 1 which makes the problem
path dependent. For the material derivative of the tan-
gential slip form, the stick and slip conditions are con-
sidered separately.

4.2
Design sensitivity formulation for stick condition
The tangential stick form at the perturbed con®guration is

bTs�zs;�zs� � xt

Z
Ccs

msgts�z
Tets dCs �61�

and its derivative with respect to the shape design is

d

ds
�bTs�zs;�zs��s�0 � b�T�z; _z;�z� � b0s�z;�z� �62�

where b�T�z; _z;�z� is same as the tangential stick bilinear
form in Eq. (36), by replacing Dz with _z. In Eq. (62)
b0T�z;�z� is a tangential stick ®ctitious load and is de®ned
by
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b0s�z;�z� � b�T�z; V;�z� � xt

Z
Cc

f�2gtktk=c��zTete
0 T
t Vc;n

� �2mb0gt ÿ mkt0k2��zTete
0 T
t �Vÿ Vc � _z0�

� �b0gngt�ktk � kt0k�=cc0��zTete
0 T
n Vc;n

ÿ �gnktk t0


 

2

=cc0��zTete
0 T
n Vc;n

� jmgt�z
Tet�VTn�gdC �63�

Even though the stick condition is considered as a con-
servative condition, the ®ctitious load in Eq. (63) depends
on the material derivative of the displacement at the pre-
vious load step.

4.3
Design sensitivity formulation for slip condition
The tangential slip form at the perturbed con®guration is

bTs�zs;�zs� � xt

Z
Ccs

msgns�z
T
s ets dCs �64�

where xt must satisfy the relation in Eq. (39) for the slip
condition. The material derivative of Eq. (64) can be taken
using the similar procedure as in the stick condition, ex-
cept the normal gap function, as

d

ds
�bTs�zs;�zs��s�0 � b�T�z; _z;�z� � b0T�z;�z� �65�

where b�T�z; _z;�z� is obtained from the tangential slip bi-
linear form in Eq. (46) by replacing Dz with _z. In Eq. (65)
b0T�z;�z� is a tangential slip ®ctitious load and is de®ned by

b0T�z;�z� � b�T�z; V;�z� � xt

Z
Cc

f�gnktk=c��zTete
0
t

0 TVc;n

� �mb0gn=c0��zTete
0 T
t �Vÿ Vc � _z0�

� �b0gng0
nkt0k=cc0��zTete

0 T
t Vc;n

� jmgn�zTet�VTn�gdC �66�
Note that the same symbol of b0T�z;�z� is used for stick and
slip conditions. Thus, the material derivative of the contact
variational form can be obtained by combining Eqs. (58)
and (63) for the stick condition or Eq. (66) for the slip
condition,

d

ds
b0Cs
�zs;�zs�

� �
s�0
� b��z; _z;�z� � b0V�z;�z� �67�

where

b��z; _z;�z� � b�N�z; _z;�z� � b�T�z; _z;�z� �68�
b0V�z;�z� � b0N�z;�z� � b0T�z;�z� �69�
Thus, if all the terms regarding the material derivative of
variational Eq. (45) is collected, then the following system
of linear equations can be obtained

a��z; _z;�z� � b��z; _z;�z� � `0��z� ÿ a0V�z;�z� ÿ b0V�z;�z�;
8�z 2 Z �70�

The left side of Eq. (70) is of the same form as Eq. (44).
Thus, the same decomposed stiffness matrix can be used

for analysis and for computing the material derivative of
the displacement with the ®ctitious load. Since the tangent
stiffness operator in Eq. (44) is not symmetric, the direct
differentiation method is used here. Note that the tan-
gential slip ®ctitious load depends on the material deriv-
ative of the previous converged con®guration, Eq. (70) is
solved at each load step. Equation (70) is a linear system of
equations. Sensitivity computation does not require con-
vergence iterations; only the stiffness matrix at the con-
verged con®guration of each load step is used for
sensitivity analysis. Since the contact variational term is
independent of structural terms in the sensitivity equation,
other types of material model can be treated using Eq. (70)
if appropriate material derivatives of the structure and
load forms are used.

5
Numerical example
Door seals are commonly used for noise isolation and for
sealing purposes. The performance of a door seal is eval-
uated using the contact pressure distribution and the size
of contact area. The door is modeled by a rigid body, based
on the assumption that the stiffness of the door is much
larger compared to that of rubber sealing material.
Figure 3 shows the geometry of the door seal and a portion
of the door with discrete particles of RKPM. The geometry
of the seal is approximated by a circular shape with the
constant thickness except for the mounting part. Only the
contact region of the door is modeled for simplicity using
a quarter circular section with a 4 mm radius. The ge-
ometry of the seal is discretized by 174 particles, and the
rigid surface is modeled by 32 piecewise linear master
segments. The Mooney-Rivlin type hyper-elastic material
is used with a pressure projection formulation [32] for
nearly incompressibility constraints. Material constants
C10 � 80 kPa, C01 � 20 kPa and bulk modulus
K � 80 MPa are used. The rigid door is pushed down
10 mm from the top of the rubber. The bottom surface of

Fig. 3. Design parameters of door seal problem
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the door seal refers to the interface of installation and is
completely ®xed. A ¯exible-rigid body contact condition is
imposed between interfaces. Analysis is carried out with
100 load steps by a displacement driven procedure.

If the friction between the interfaces is ignored, then all
the rubber materials are bulged out to the right side
without providing effective seal. If friction is considered in
this problem, the frictional condition signi®cantly affects
the analysis results. A constant value, 0.25, is used as the
dry frictional coef®cient for all contact surfaces. Figure 4
shows a contour plot of the second invariant of deviatoric
Cauchy stress (von Mises stress) with deformed geometry
at the ®nal con®guration when the friction exists. As the
rigid body moves down, the contact region is increased
initially. After a certain amount of deformation, the
middle part of the contact region starts to separate. Since
there is almost no slip between contact surfaces in this
problem, all the contact regions are in the stick condition.
High stress concentration occurs at the highly distorted
region.

The geometry of the structure is parameterized using 26
shape design parameters. The design parameters are
shown in Fig. 3. The last design parameter is the radius of
the rounded corner of the rigid body. Even though this
design parameter does not change the shape of the
structure, it can be treated using the material derivative as
discussed in Eq. (49). Other 25 design parameters are the
parametric coordinate of boundary shapes. The bound-
aries of the seal are represented by cubic spline curves.
The control points or the slopes of the spline curves are
chosen as design parameters. The design velocity ®eld at
the boundary is obtained ®rst by perturbing the boundary
curve corresponding to the design variable and the domain
design velocity ®eld is computed using an iso-parametric
mapping method [34].

Nine performance measures are chosen: the area of the
structure, seven von Mises stresses of the high stress
concentrated region, and the square sum of the normal
gap distances at the discrete points in the opening region
shown in Fig. 4. Note that the stress is proportional to the
service life and the normal gap distances are related to the
performance of the seal.

DSA is carried out at each converged load step to
compute the material derivatives of displacements. Since
there are 26 design parameters, 26 linear systems of
equations are solved at each load step to compute material
derivative of displacements. The sensitivity coef®cients of
performance measures are computed at the ®nal con-
verged load step using the material derivatives of dis-
placements. The cost of sensitivity computation is about
55% of that of response analysis. Since 26 design param-
eters are considered in this problem, each design param-
eter takes less than 3% of analysis computation time. This
numerical performance is very ef®cient compared to that
in the ®nite difference method.

The accuracy of the sensitivity is compared with the
forward ®nite difference results for the perturbation size of
s � 10ÿ6. Table 1 shows accuracy of the sensitivity results.
In Table 1, the second column, DW, denotes the ®nite
difference results and the third column represents the
change of the performance from the proposed method. As
can be seen in the table, extremely accurate results are
obtained.

The objective of the design problem is to reduce the gap
opening by changing the shape of the door seal and the
rigid door. The stress concentration is to be reduced at the
same time. The area of the rubber components is not so
important since the cost of the material is relatively
low compared to the other costs. The optimization
problem is

Fig. 4. Stress distribution for door seal problem
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min
X

g2
n

s.t. Area�109� � 110

r75�130� � 100

r86�129� � 100

r44�209� � 160

r114�207� � 160

r31�98� � 100

r38�191� � 160

r115�148� � 160

ÿ 0:5 � ui � 0:5 i � 0; 26 �71�
where the values within the parenthesis are original re-
sponse values. The square sum of the normal gap distances

gn is minimized subjected to reducing selected stresses up
to 20% from the initial values and maintaining the rubber
area. Since the design parameters are the control points of
the geometric curve, the initial values do not have any
signi®cant meanings and thus, start from zero initial
guesses. The design optimization is carried out using the
sequential quadratic programming method (SQP) of the
commercial optimization code DOT [35]. The perfor-
mance values are provided to DOT by solving nonlinear
analysis (RKPM) and the sensitivity coef®cients are ob-
tained using the proposed method. The initial design is
infeasible with all the constraints violated. Optimization
is converged after 7 iterations and all the constraints
are satis®ed. The cost function is reduced to 0.75%
of the original value, which is signi®cant reduction
considering small changes of design parameters. Even
with the impenetration condition slightly violated using
the penalty method, all the opened gaps are closed after
optimization.

Figures 5 and 6 show the iteration history of the cost
and constraints. In Figure 5, the most signi®cant cost re-
duction is achieved in ®rst three iterations even though the
initial design was infeasible. The constraint violations are
adjusted during the last four iterations. Figure 7 shows the
results of design optimization. Surprisingly, design pa-
rameters are changed only slightly compared to the re-
duction of the cost and satisfaction of constraint
violations. The stress concentrations of the original design
are distributed evenly with smaller magnitude, and the
contact area is increased signi®cantly.

6
Conclusion
A continuum-based shape design sensitivity formulation
for the frictional contact problem with ®nite deformation
in hyper-elastic material is developed. Sensitivity formu-
lation uses the same tangent stiffness matrix as that in the
analysis at the converged con®guration. No convergence
iterations are required for sensitivity computation, and
thus sensitivity analysis takes much less effort than non-
linear response analysis. It is also demonstrated that shape
optimization of the frictional contact problem can be
carried out effectively.

Table 1. Accuracy of sensitivity results

W DW W0 �DW=W0� � 100

u1

Area )0.163895E-5 )0.163895E-5 100.00
r75 )0.501565E-6 )0.501563E-6 100.00
r86 )0.255777E-5 )0.255775E-5 100.00
r44 )0.247860E-6 )0.247893E-6 99.99
r114 0.525571E-6 0.525554E-6 100.00
r31 )0.149431E-6 )0.149300E-6 100.09
Rg2

n )0.114879E-8 )0.114878E-8 100.00

u2

Area 0.163894E-5 0.163895E-5 100.00
r75 0.514388E-6 0.514395E-6 100.00
r86 )0.268130E-5 )0.268129E-5 100.00
r44 0.292610E-4 0.292609E-4 100.00
r114 0.126237E-4 0.126237E-4 100.00
r31 0.947482E-6 0.947679E-6 99.98
Rg2

n 0.223116E-7 0.223116E-7 100.00

u3

Area )0.405671E-5 )0.405671E-5 100.00
r75 )0.858554E-7 )0.858371E-7 100.02
r86 )0.361270E-5 )0.361266E-5 100.00
r44 )0.481447E-6 )0.481452E-6 100.00
r114 0.143501E-5 0.143499E-5 100.00
r31 0.869462E-7 0.868284E-7 100.14
Rg2

n )0.311421E-9 )0.311370E-9 100.02

u4

Area )0.351300E-5 )0.351300E-5 100.00
r75 )0.105863E-4 )0.105864E-4 100.00
r86 )0.130646E-4 )0.130647E-4 100.00
r44 0.122614E-5 0.122615E-5 100.00
r114 )0.329776E-5 )0.329777E-5 100.00
r31 )0.243310E-6 )0.243378E-6 99.97
Rg2

n )0.210381E-8 )0.210383E-8 100.00

u5

Area 0.447486E-5 0.447486E-5 100.00
r75 0.629273E-5 0.629276E-5 100.00
r86 0.835460E-5 0.835467E-5 100.00
r44 0.122614E-5 0.122615E-5 100.00
r114 0.143353E-5 0.143352E-5 100.00
r31 0.116624E-6 0.116676E-6 99.96
Rg2

n )0.430791E-9 )0.430725E-9 100.02
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