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Abstract

The purpose of this study was to investigate the applicability of an existing lay-up independent fracture criterion for notched com-
posite laminates. A detailed finite element analysis of notched graphite/epoxy laminates was performed to understand the nature of stres-
ses and crack tip parameters in finite-width composite panels. A new laminate parameter b, which plays a crucial role in the fracture of
laminated composites, has been identified. The effects of blunt crack tip and local damage on fracture behavior of notched composite
laminates are investigated using the finite element analysis. The results of experiments performed elsewhere are analyzed in the light
of new understanding of crack tip stress field, and the applicability of the lay-up independent fracture criterion for notched composite
laminates is discussed. It is found that a lay-up independent fracture model that considers local damage effects provides good correlation
with the experimental data.
� 2006 Published by Elsevier Ltd.

Keywords: Composite laminates; Finite elements; B. Fracture; B. Fracture toughness; Graphite/epoxy; Laminated composites; Notched composites;
Stress intensity factor
1. Introduction

Several failure models have been developed for the pre-
diction of notched strength of composite laminates. An
extensive review of these models can be found in Awerbuch
and Madhukar [1]. Failure behavior of notched composite
laminates depends on a variety of factors, the most impor-
tant being laminate configuration, specimen geometry and
notch shape. Due to the complex fracture behavior in the
vicinity of the notch, a number of assumptions and approx-
imations are made in the most commonly used failure
models. Most of the popular models are based on the char-
acteristic length concept originally proposed by Whitney
and Nuismer [2]. One limitation of these models is that
the characteristic length is not a material system property,
but depends on factors such as laminate configuration,
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thickness, etc. In other words, the characteristic length esti-
mated from tests on one laminate configuration cannot be
used to predict the fracture of other laminates of the same
material system. Recently, Sun et al. [3,4] employed linear
elastic fracture mechanics (LEFM) concepts to develop a
lay-up independent fracture criterion. This criterion
requires the existence of one or more plies with fibers par-
allel to the loading direction, and this ply is called the load-
carrying ply. The main principle of their model is that the
failure of fibers in the load-carrying ply governs the failure
of the entire laminate. The stress intensity factor in the
load-carrying ply that causes fiber breakage was considered
as the principal fracture parameter. One of the main advan-
tages of the lay-up independent model is that a single frac-
ture parameter, fracture toughness of the load-carrying ply
ðKL

QÞ, is used to predict the failure of laminates with differ-
ent laminate configurations. However, as mentioned ear-
lier, this theory requires the presence of plies with fiber
orientation parallel to the loading direction.

The purpose of this study was to further verify and
also improve the existing lay-up independent fracture cri-
terion for notched composite laminates. In that process an
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empirical relation for finite width correction factor for
orthotropic laminates has also been developed. Detailed
finite element analyses, both two- and three-dimensional
models, of the laminates used in the experimental study
of Sun and Vaidya [3] were performed to estimate the
average laminate stresses as well as stresses in individual
layers near the crack tip. An analytical model for deter-
mining the stress intensity factor in the load-carrying
ply is also developed, and the difference between the pres-
ent approach and that of Sun et al. [3,4] is discussed. It
has been found that factors such as crack bluntness,
delamination and fiber splitting in the crack tip region
play a significant role in reducing the stresses in the angle
plies, and thus increasing the stresses and hence the stress
intensity factor in the load-carrying ply. A new laminate
parameter, referred to as b, has been identified. This
parameter represents the ratio of the axial stresses to
the normal stresses at points straight ahead of the crack
tip, and plays a crucial role in the failure of notched lam-
inates. This parameter, which is only a function of the
laminate stiffness coefficients, also appears in the expres-
sion for finite width correction factor for orthotropic
laminates.

2. Experimental background

As mentioned earlier we have analyzed the results of
fracture tests performed by Sun et al. [3,4]. The material
properties, laminate configurations used and respective
failure loads are presented here for the sake of completion.
Nine different laminate configurations made from AS4/
3501-6 (Hercules) graphite/epoxy were tested. The material
properties of this unidirectional prepreg tape are: EL =
138 GPa; ET = 9.65 GPa; GLT = 5.24 GPa; mLT = 0.3; and
ply thickness = 0.127 mm. The panel specifications, geom-
etry, and coordinate system used for the present analysis
are shown in Fig. 1. The specimens were fabricated using
the hand lay-up technique and cured in an autoclave. Each
of the symmetric laminate configuration studied had at
least two principal load carrying plies (0� plies), i.e., plies
with fibers aligned along the loading direction.

The fracture toughness estimated using the nominal or
average stress intensity factor for the laminate is shown
under the column ‘‘Laminate fracture toughness’’ KQ in
Table 1. This is computed using the formula
Fig. 1. Specimen dimensions and
KQ ¼ r1y Y ða=wÞ
ffiffiffiffiffiffi
pa
p

ð1Þ

where r1y is the remote stress at the instant of failure, 2a is
the crack length, 2w is the specimen width and Y is the fi-
nite width correction factor. Sun et al. [3,4] used the Y for
isotropic materials, which is equal to 1.0414 for the present
case (a/w = 0.2627). One can note from Table 1 that the
values of fracture toughness estimated using this method
is not the same for the different laminates, and hence can-
not be considered as a material property. The average value
of the laminate fracture toughness KQ was 50:44 MPa

ffiffiffiffi
m
p

and the standard deviation was 17:68 MPa
ffiffiffiffi
m
p

.

3. Stress intensity factor calculations

3.1. Average or laminate stress intensity factor

The average stress intensity factor for a laminate is cal-
culated assuming that the laminate is a homogeneous mate-
rial of some hypothetical orthotropic or anisotropic
material. The average stress intensity factor KI for notched
laminates can be calculated using three different methods
as follows:

1. Using the remote stress in Eq. (1).
2. Finite element analysis I: From the normal stress distri-

bution ahead of the crack tip obtained from a finite ele-
ment model using the equation

KI ¼ lim
r!0

�ryyðr; 0Þ
ffiffiffiffiffiffiffi
2pr
p

ð2Þ

where r is the distance from the crack tip and normal
stress component �ryy is the average stress in the lami-
nate. In Eq. (2) the over bar in KI denotes that it is
the average stress intensity factor for the laminate.

3. Finite element analysis II: From the J-integral calcu-
lated from the finite element models. The relation
between energy release rate and stress intensity factor
for orthotropic materials is given by [5]:

J ¼ GI ¼ K2
I

a11a22

2

� �1=2 a22

a11

� �1=2

þ 2a12 þ a66

2a11

" #1=2

ð3aÞ

where aij are the coefficients in the compliance matrix of
the plane orthotropic material and they can be expressed
definition of fiber orientation.
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Table 1
Fracture toughness of various graphite epoxy laminates

Specimen ID Laminate configuration Failure stress (MPa) Laminate fracture toughness KQ ðMPa
ffiffiffiffi
m
p
Þ

S1 [0/90/±45]s 343.00 44.83
S2 [±45/90/0]s 323.27 42.19
S3 [90/0/±45]s 316.05 41.25
S4 [0/±15]s 695.84 90.82
S5 [0/±30]s 466.14 60.84
S6 [0/±45]s 351.14 45.83
S7 [0/90]2s 446.76 58.31
S8 [±45/0/±45]s 287.16 37.48
S9 [±452/0/±45]s 248.40 32.42

Average laminate fracture toughness 50.44
Standard deviation 17.68

B. Lee, B.V. Sankar / Composites Science and Technology 66 (2006) 2491–2499 2493
in terms of the elastic constants. The definition of aij can
be understood from the strain–stress relations shown
below:

exx ¼ a11rxx þ a12ryy þ a16sxy

eyy ¼ a12rxx þ a22ryy þ a26sxy

cxy ¼ a16rxx þ a26ryy þ a66sxy

rxz ¼ ryz ¼ rz ¼ 0

ð3bÞ

It should be mentioned that the aforementioned elastic
constants and hence the compliance coefficients are cal-
culated from the extensional stiffness matrix [A] of the
laminate. When the remote applied stress corresponds
to the failure stress observed in tests, the stress intensity
factor KI becomes the fracture toughness KQ.

3.2. Derivation of stress intensity factor in the load-carrying

ply

The stress intensity factor of the load-carrying ply, KL
I ,

can be estimated using two different methods.

1. From the average stress intensity factor KI and using
and the classical lamination theory for calculating the
portion of the stresses carried by the load-carrying ply.
This procedure is described in the succeeding section.

2. Same procedure as in Eq. (2) but using normal stress
field in the load-carrying ply extracted from the finite
element model:

KL
I ¼ lim

r!0
rL

yyðr; 0Þ
ffiffiffiffiffiffiffi
2pr
p

ð4Þ

In Eq. (4) the superscript L denotes the load-carrying ply.
In this section, we derive an analytical expression for the

stress intensity factor in the load-carrying ply in terms of
the average laminate stress intensity factor obtained using
three methods mentioned earlier. The derivation of stress
intensity factor presented here is based on LEFM and clas-
sical lamination theory. The state of stress in the vicinity of
a crack in an orthotropic material is given by [5]:

�ryyðr; 0Þ ¼
KIffiffiffiffiffiffiffi
2pr
p Re½1� ð5aÞ

�rxxðr; 0Þ ¼
KIffiffiffiffiffiffiffi
2pr
p Re½�s1s2� ð5bÞ
where the parameters s1 and s2 are related to the equivalent
orthotropic elastic constants of the laminate as [5]

s1s2 ¼ �
a22

a11

� �1=2

s1 þ s2 ¼ i
ffiffiffi
2
p a22

a11

� �1=2

þ 2a12 þ a66

2a11

� �" #1=2 ð5cÞ

We will use a new laminate parameter b to denote the ratio
between the two normal stresses shown in Eqs. (5a) and (5b),

b ¼ �rxxðr; 0Þ
�ryyðr; 0Þ

¼ Re½�s1s2� ð6Þ

It should be noted that b is a property of the laminate or
equivalent orthotropic elastic constants, and does not de-
pend on the loading. The values of b for the various lami-
nates used in this study are listed in Table 2. The value of b
for isotropic materials is unity. We will use the classical
lamination theory to extract the stresses in the load-carrying
ply from the force resultants in the vicinity of the crack tip.
In the case of symmetric laminated plates without coupling,
the force/mid-plane strain equations can be expressed in
matrix form as

N x

N y

N xy

8><
>:

9>=
>; ¼

A11 A12 A16

A12 A22 A26

A16 A26 A66

2
64

3
75

e0
x

e0
y

c0
xy

8><
>:

9>=
>; ð7Þ

where [A] is the laminate extensional stiffness matrix. The
inverse relation is given by

e0
x

e0
y

c0
xy

8><
>:

9>=
>; ¼

A�11 A�12 A�16

A�12 A�22 A�26

A�16 A�26 A�66

2
64

3
75

Nx

Ny

Nxy

8><
>:

9>=
>; ð8Þ

where superscript � denotes the component of [A�1]. The
stresses in the load-carrying ply can be derived from the
mid-plane strains as

rL
xx

rL
yy

sL

8><
>:

9>=
>; ¼

QL
11 QL

12 QL
16

QL
12 QL

22 QL
26

QL QL QL

2
64

3
75

e0
x

e0
y

c0

8><
>:

9>=
>; ð9Þ



Table 2
Fracture toughness of the load-carrying ply for various laminates evaluated using two different analytical methods

Notation Laminate configuration Laminate parameter b Fracture toughness of the
load-carrying ply KL

QðAÞ MPa
ffiffiffiffi
m
p

ð Þ
Fracture toughness of the
load-carrying ply KL

QðBÞ MPa
ffiffiffiffi
m
p

ð Þ
S1 [0/90/±45]s 1 81.99 115.66
S2 [±45/90/0]s 1 73.53 108.82
S3 [90/0/±45]s 1 75.08 106.43
S4 [0/±15]s 0.285 95.95 101.81
S5 [0/±30]s 0.396 65.87 101.00
S6 [0/±45]s 0.656 61.17 106.32
S7 [0/90]2s 1 106.13 109.04
S8 [±45/0/±45]s 0.767 56.25 119.81
S9 [±452/0/±45]s 0.823 51.21 123.64

Average 74.13 110.28
Standard deviation 18.18 7.83

Fig. 2. Comparison of the fracture toughness of the load-carrying ply
obtained using two different analytical methods.
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where the quantities QL
ijði; j ¼ 1; 2; 6Þ are the stiffness coef-

ficients of the principal load carrying plies. Substituting
Eq. (8) into Eq. (9) yields the following equation:

rL
xx

rL
yy

sL
xy

8><
>:

9>=
>; ¼

QL
11 QL

12 QL
16

QL
12 QL

22 QL
26

QL
16 QL

26 QL
66

2
64

3
75

A�11 A�12 A�16

A�12 A�22 A�26

A�16 A�26 A�66

2
64

3
75

N x

N y

N xy

8><
>:

9>=
>;
ð10Þ

In the vicinity of the crack tip the force resultants can be
written in terms of the average stresses in the orthotropic
laminate as

Nx ¼ t�rxx ¼ tb�ryy ; Ny ¼ t�ryy ; Nxy ¼ t�sxy ¼ 0 ð11Þ
where t is the total thickness of laminate, and the parame-
ter b has been defined in Eq. (6). Substituting from Eq. (11)
into Eq. (10) we obtain the stresses in the load-carrying ply
as

rL
xx

rL
yy

sL
xy

8><
>:

9>=
>; ¼

QL
11 QL

12 QL
16

QL
12 QL

22 QL
26

QL
16 QL

26 QL
66

2
64

3
75

A�11bþ A�12

A�12bþ A�22

A�16bþ A�26

8><
>:

9>=
>;ðt�ryyÞ ð12Þ

In particular we are interested in the stress component rL
yy

responsible for fracture and it is obtained from Eq. (12) as

rL
yy ¼ ½QL

12ðA�11bþ A�12Þ þ QL
22ðA�12bþ A�22Þ�ðt�ryyÞ ð13Þ

Then the stress intensity factor KL
I in the load-carrying ply

can be expressed in terms of the laminate stress intensity
factor KI using a relation similar to that in Eq. (13)

KL
IðAÞ ¼ t½QL

12ðA�11bþ A�12Þ þ QL
22ðA�12bþ A�22Þ�KI ð14Þ

In deriving Eq. (14) we have used the relation KL
I =

KI ¼ rL
yy=�ryy . Note that the stress intensity factor calculated

using Eq. (14) is denoted with a subscript AðKL
IðAÞÞ to distin-

guish it from the method followed by Sun et al. [3,4], which
is described below. The fracture toughness evaluated using
the proposed method will be denoted by KL

QðAÞ, and this can
be related to the average laminate fracture toughness by an
equation similar to Eq. (14) as follows:

KL
QðAÞ ¼ t½QL

12ðA�11bþ A�12Þ þ QL
22ðA�12bþ A�22Þ�KQ ð14aÞ
Sun and Vaidya [3] used a similar approach to calculate
the stress intensity factor in the load-carrying ply, but they
used the remote stresses applied to the laminate in order to
determine the ratio of �rxx=�ryy in the vicinity of the crack tip.
Since the applied load is uniaxial, this ratio was equal to
zero in their case. This is equivalent to taking the factor
b as equal to zero. It should be emphasized that this stress
ratio is not equal to zero in the vicinity of the crack tip, as
there is a nonzero component of �rxx is present (see Eq.
(5b)). We denote this fracture toughness calculated by
Sun and Vidya as KL

QðBÞ (with a subscript B). Thus the rela-
tion between the ply fracture toughness KL

QðBÞ and the lam-
inate fracture toughness KQ can be obtained by setting
b = 0 in Eq. (14a) and it takes the form:

KL
QðBÞ ¼ t½QL

12A�12 þ QL
22A�22�KQ ð15Þ
4. Results and discussion

The values of the laminate parameter b and the load-
carrying ply fracture toughness values KL

QðAÞ and KL
QðBÞ are

shown in Table 2 for the nine laminate configurations. The
average values and corresponding standard deviation are
74:35 MPa

ffiffiffiffi
m
p

and 18.35% for KL
QðAÞ, and 110:28 MPa

ffiffiffiffi
m
p

and 7.83% for KL
QðBÞ. Surprisingly, the case B wherein the b

value was taken as zero, yielded consistent layer independent
fracture toughness compared to the case A where the actual
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stress ratio (b > 0) was used. Fig. 2 compares the two fracture
toughness values for various laminate configurations.

The aforementioned analyses are approximate, since
they do not consider any stress redistribution caused by
physical fracture behavior such as local damage in the form
of matrix cracking, delamination, etc. In order to fully
understand the nature of crack tip stress field in finite-
width laminates a detailed finite element analysis was per-
formed. The procedures and the results are discussed in
the following sections.

5. Finite element analysis

A detailed finite element analysis of the notched lami-
nated composites was conducted in order to understand
the stress field near the crack tip in finite width laminates.
The purpose of the finite element analysis was to develop a
model that could predict the fracture parameters of notched
laminated composites, and to investigate the effect of local
damage and crack tip shape on the stress intensity factor of
notched laminated composites. Another goal of the study
was to determine the orthotropic finite-width correction fac-
tor using the J-integral. The commercial FE package, ABA-
QUS� 6.2 [6], was used to analyze the various test specimens.
Two types of analyses were performed. In the 2D (two-
dimensional) model the specimens were modeled as
orthotropic laminates. In the second model, 3D (three-
dimensional) solid elements were used to model the individ-
ual layers of the laminate. In both cases sub-modeling was
performed to improve the accuracy of the calculated crack
tip parameters such as stress intensity factor and J-Integral.
The mode I stress intensity factor, KI, can be calculated using
two different methods from the results of FE analysis as
described in Section 3.2. However, the stress intensity factor
of the load-carrying ply can be calculated only from the stres-
ses rL

yyðr; 0Þ ahead of the crack tip using Eq. (4), because
ABAQUS cannot calculate the J-integral at ply level. Fur-
ther, the J-integral is not path independent for three-dimen-
sional cracks and a zero-area contour has to be used to
determine the point-wise energy release rate [7].

The stress intensity factors obtained using the above
methods from two types of FE models are compared with
the analytical models in the subsequent section. It is noted
that overall analysis procedure and detailed results are pre-
sented for the case of [0/±45]s laminate (Laminate S6), but
a summary of the results for other eight laminate configu-
rations are presented.

5.1. Two-dimensional finite element global model

The purpose of the 2D analysis is to compare the
results with the analytical model so that the effect of
finite-width of the specimen can be understood. Further
FE models can be used to understand the effects of
blunt crack tip and also other forms of damage such
as delamination and fiber splitting. The various laminate
configurations with center notch were modeled with eight
node plane stress elements (CPS8R element). A quarter
model was used, with symmetric boundary conditions.
The width of the model, w, was 19.05 mm, and the
length was 254 mm. The notch was modeled as a sharp
crack with a half width a = 5 mm. Since the lay-up is
symmetric, it was only necessary to model half of the
thickness.

The main difference between global model and sub-
model is mesh refinement. The FE global model uses rel-
atively coarse mesh compared to the FE sub models. A
fixed element size with width of 1 mm was used away
from the crack tip in the FE global model. A relatively
fine mesh was used adjacent to the notch. The geometry
and the finite element models were created using ABA-
QUS/CAE modeling tool and ABAQUS keyword editor.
Fig. 3 shows the initial mesh of the upper left quadrant.
Separate elements were used to represent each ply and
common nodes were used for interface of plies. The mate-
rial property of each ply was modeled as a homogeneous
linear elastic orthotropic material throughout this FE
analysis. In order to use a single global coordinate system,
the material properties of angle plies were transformed
using the transformation relation for engineering con-
stants. Orthotropic properties for AS4/3501-6 graphite/
epoxy unidirectional lamina were defined as given in Sec-
tion 2. The material property of each angle ply was imple-
mented in ABAQUS by means of user material
subroutine (UMAT). The fixed grip loading condition
was simulated by constraining the nodes along the edge
of the plate to have the same displacement under an
applied load. This was also implemented by using the
EQUATION command. The failure load obtained from
experiments (see Table 1) was applied.

5.2. Two-dimensional finite element sub-model

The analysis was repeated with a very refined element
size in order to investigate the local behavior and the sen-
sitivity of the results to mesh refinement. All other aspects
of the analysis were kept the same as the global model. For
efficiency of computation, the finite element sub-modeling
analysis technique was adopted. The sub-modeling analysis
is most useful when it is necessary to obtain an accurate,
detailed solution in a local area region based on interpola-
tion of the solution from an initial, relatively coarse, global
model. The sub-model is run as a separate analysis. The
link between the sub-model and the global model is the
transfer of results saved in the global model to the relevant
boundary nodes of the sub-model. Thus, the response at
the boundary of the sub-model is defined by the solution
of the global model.

5.3. Comparison of results from the FE and analytical

models

The stress intensity factor in the load-carrying ply was
calculated using both the global and sub-model. The



Fig. 3. Finite element mesh and boundary conditions: (a) global model; (b) sub-model.
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laminate stress intensity factors calculated from the two
models were in good agreement for all the laminate config-
urations indicating that the mesh refinement was sufficient.
From the laminate stress intensity factor we can calculate
the finite width correction factor Y using Eq. (1). The val-
ues of Y for various laminate configurations are shown as a
function of a/w and b in Fig. 4. It has been found that the
finite width correction factor is a strong function of the
newly introduced lamination parameter b. An empirical
relation for Y was derived as follows:

Y
a
w

� �
¼ 1þ b1

a
w

� �
ð1þ c1Bþ c2B2Þ þ b2

a
w

� �2

� ð1þ c3Bþ c4B2Þ þ b3

a
w

� �3

ð1þ c5Bþ c6B2Þ

ð16Þ

where B = 1 � b. The values of various constants in the
above equation are listed in Table 3. More on the finite-
width correction factor for orthotropic laminates and the
significance of b will be published elsewhere. Finite-width
correction factors for central openings other than cracks
in a general anisotropic laminate have been derived by
Tan [8].
Fig. 4. The finite width correction factors as a function of anisotropy
parameter B and ratio of crack size to panel width a/w. Note that the
parameter B is related to b by B = 1 � b.
Figs. 5a and b, respectively, show rL
yy

ffiffiffiffiffiffiffi
2pr
p

and
rL

xx

ffiffiffiffiffiffiffi
2pr
p

=b distribution in FE global and sub-models. Ide-
ally the two curves should extrapolate to a same value at
r = 0, which is equal to the layer fracture toughness KL

Q.
However, in the global model, the former line extrapolates
to KL

QðBÞ and the latter line predicts a much lower value of
fracture toughness. The result indicates that the coarse
mesh of global model does not have sufficient nodes to cap-
ture the effects of rxx. On the other hand, in the sub model
(Fig. 5b) both lines extrapolate to KL

QðAÞ for the laminate
under consideration.

The results for the load-carrying ply fracture toughness
KL

Q for all laminate configurations are summarized in Fig. 6
and compared with the two analytical models. The KL

QðBÞ
calculated from Eq. (15) agree well with the results of glo-
bal model, which has a relatively coarse mesh. On the other
hand, the KL

QðAÞ calculated from the exact LEFM solution,
Eq. (14), show good agreement with the results of sub-
model, which has a very fine mesh. It is obvious from the
results that the rxx stresses ahead of the crack tip play a sig-
nificant role in the estimation of KL

Q.

5.4. Effect of blunt crack tip

The LEFM assumes the existence of a sharp crack, and
the SIF is calculated on the basis of ensuing singular
stress field. However, we would like to investigate the
effect of blunt crack tip on the stress field and on the
effective stress intensity factor. This is akin to considering
a small scale yield zone at the crack tip and calculating
the effective stress intensity factor using models such as
Dugdale’s. According to the specimen preparation process
[3] the crack was made by water jet cut and further
extended with a 0.2 mm thick jeweler’s saw blade. Thus,
in the present analysis, the crack tip thickness was
assumed less than 0.2 mm and the crack tip shape was
assumed elliptical, triangular, and rectangular, respec-
tively. These assumptions were carefully investigated
through the series of FE sub-models and the results are
discussed below for the case of [0/±45]s laminates.



Table 3
The coefficients in the semi-empirical formula for orthotropic finite-width correction factor

b1 c1 c2 b2 c3 c4 b3 c5 c6

0.1091 5.0461 �2.1324 �0.2319 �2.9103 �4.4927 1.4727 �1.5124 �0.0375

Fig. 5. ryy

ffiffiffiffiffiffiffi
2pr
p

and rxx

ffiffiffiffiffiffiffi
2pr
p

=b distribution in the global model for [0/±45]s laminates.

Fig. 6. Comparison of fracture toughness of the principal load-carrying ply obtained using the global model and the sub-model.
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Fig. 7 compares the effect of notch tip profile and notch
width on the stress intensity factor of the load carrying ply
using global and sub-models. From the results of the global
model, it is evident that stress intensity factors of global
model are not greatly influenced by crack tip shape.

However, the results of the sub-model indicate that the
crack tip shape has a significant effect on the stress intensity
factor at the crack tip. The results show that the crack tip
slope near the crack tip is a more critical parameter than
the notch width. Interestingly, making the crack blunt
increases the SIF of the load-carrying ply compared to
the exact analytical model, KL

QðAÞ, and it seems to approach
KL

QðBÞ. Basically, when the crack-tip is made blunt, the rxx

stresses ahead of the crack tip reduce, and this is equivalent
to b approaching zero. Thus the fracture toughness calcu-
lated using the experimental failure loads approach KL

QðBÞ.
5.5. Effect of local damage near the crack tip

The effects of local damage ahead of the crack tip in the
form of delamination and fiber splitting were studied by
using a three-dimensional finite element model. It has been
noted that for tension loaded laminates, local damage is pro-
duced ahead of the crack tip in the form of the matrix cracks
in the off-axis plies, splitting in 0� plies and some delamina-
tion [3]. This local damage acts as a stress-relieving mecha-
nism and relieves some portion of the high stress in the
non-load-carrying plies and transfer more stresses to the
load-carrying ply. In the present finite element model, these
two types of damage were modeled. All aspects of the finite
element model were kept the same as in the sub-model except
for the ply interface. Duplicate nodes are placed on either
side of ply interfaces, where delamination is expected. To



Fig. 7. Effect of crack tip shape on fracture toughness of the load-carrying ply 2D FE global and sub-model results for [0/±45]s laminates.

Fig. 8. Effect of local damage on the stress intensity factor in the load-
carrying ply.

Table 4
Comparison of the fracture toughness of load-carrying ply obtained from
3D FE model including local damage and an approximate analytical
model

Specimen 3D FE analysis
MPa

ffiffiffiffi
m
p

ð Þ
Analytical model
MPa

ffiffiffiffi
m
p

ð Þ
S1 116.65 115.66
S2 114.23 108.82
S3 115.71 106.43
S4 118.16 112.62
S5 115.21 109.97
S6 113.53 111.52
S7 121.40 109.04
S8 116.01 123.66
S9 110.51 126.58

Average 115.71 113.81
Standard deviation 3.03 6.95
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estimate the delamination area, simple delamination crite-
rion based on maximum interfacial stresses was imple-
mented in ABAQUS by means of a UVAR user
subroutine. Similar method was used to estimate axial split-
ting area, where reduced stiffness property was implemented.
A critical stress of 75 MPa was used based on typical epoxy
yield stress values. The effect of local damage on the fracture
toughness of load carrying ply is depicted in Fig. 8. Again
one can note that introducing damage in the crack tip region
is similar to that due to crack bluntness described in the pre-
ceding section and it increases the stress intensity factor in
the load-carrying ply. Further, the fracture toughness evalu-
ated after introduction of damage is more or less uniform in
all laminate configurations and it approaches KL

QðBÞ.

6. A modified analytical model

The SIF of the load-carrying ply, KL
I , can be computed

by using a detailed 3D FE analysis, which can model local
damage modes such as fiber splitting and delamination that
occurs prior to fracture. Then the SIF of the load-carrying
ply can be calculated accurately, and its value correspond-
ing to the laminate failure load represents the layer-inde-
pendent fracture toughness of the particular material
system. The results from this model are presented in Col-
umn 2 of Table 4. One can note that the standard deviation
in the result is 3:03 MPa

ffiffiffiffi
m
p

.

On the other hand, a simpler analytical model could be
used. We will call this the modified analytical model. Basi-
cally Eq. (1) is used to calculate the laminate fracture tough-
ness from the failure load of the laminate with Eq. (16) for
the finite-width correction factor. Then, Eq. (15) is used to
calculate the load-carrying ply fracture toughness, which is
then the layer-independent fracture toughness of the mate-
rial system. It should be mentioned that Eq. (15) was
obtained from the exact Eq. (14a) by setting b = 0 which
takes into account the effects of local damage at the crack
tip. Results from this analytical model are shown in Column
3 of Table 4. The standard deviation for KL

Q obtained using
this analytical model is 6:95 MPa

ffiffiffiffi
m
p

(see Fig. 9).
Using the mean value of 113:81 MPa

ffiffiffiffi
m
p

for KL
Q, the

laminate fracture toughness KQ was calculated using
Eq. (15), and they are compared with the experimental
results for various laminates in Fig. 10. The results are pre-
sented in terms of the parameter g introduced by Sun et al.
[3]. The variable g was defined as the ratio of the stress
intensity factor of the load-carrying ply to the average lam-
inate stress intensity factor, when b is taken as zero, and
can be obtained from Eq. (15) as

g ¼ t½QL
12A�12 þ QL

22A�22� ð17Þ
It should be noted that g, like b, depends only on the lam-
inate properties. Good agreement is observed between the
experiments and predictions. This is not surprising because



Fig. 9. Comparison of fracture toughness of load-carrying ply computed using the finite element method, the analytical model of Eq. (14a) and the
modified analytical model.

Fig. 10. Comparison of experimental results with model predictions.
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KL
Q itself has been calculated using the experimental results.

Rather the agreement shown in Fig. 10 should be consid-
ered as a demonstration of usefulness of the layer-indepen-
dent fracture toughness concept.

7. Conclusions

The results of fracture tests performed on various graph-
ite/epoxy laminates were analyzed in order to identify a
layer-independent fracture parameter as suggested by Sun
et al. [3]. The stress intensity factor (SIF) of the load-carry-
ing ply at the instance of failure seems to be the critical
parameter for predicting the failure of notched composite
laminates. However, the SIF of the load-carrying ply seems
to be significantly large compared to the values obtained by
detailed three-dimensional finite element analysis. This is
due to the fact that the crack tip damage and the bluntness
of the cracks relive the stresses in other plies and increase
the stress in the load-carrying ply. Furthermore, finite
width of the specimen plays a role in the SIF. A simple ana-
lytical method is proposed that accounts for the aforemen-
tioned effects, and the fracture toughness of laminates with
different configurations can be predicted from a single frac-
ture toughness value measured experimentally.
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