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Interlaminar Shear Stresses in Composite
Laminates Due to Static Indentation

BHAVANI V. SANKAR

Department of Aerospace Engineering
Mechanics & Engineering Science

University of Florida
Gainesville, FL 32611

ABSTRACT : Finite difference method is used to analyze the axisymmetric problem of
smooth contact between a rigid indenter and a laminated circular plate clamped at the
edges. The plate is assumed to be made up of transversely isotropic layers. The numerical
study shows that interlaminar shear stresses in the vicinity of contact are much different
from the laminate plate theory solutions, and that low-modulus surface layers and in-
terlayers can help in reducing the maximum interlaminar shear stresses due to static inden-
tation.

KEY WORDS: composite laminates, impact damage, indentation damage, interlaminar
shear stresses, interleaving.

1. INTRODUCTION

URING THE PAST several years considerable amount of research has beendone in understanding low-energy impact response and damage in composite
structures. Current efforts in this area are focused on developing simple design
procedures so that the impact damage can also be taken into account in the design
of composite structures. In this regard a thorough understanding of the detailed
stress field in various types of laminates under various impact conditions has
become crucial. Recent studies [1-4] have shown that static indentation tests may
provide useful information about the failure mechanisms and failure loads for im-
pacts by a large mass at low velocities, e.g., 1-10 kg at 1-3 m/s. Further static
indentation tests are inexpensive and well suited for small samples of material
systems that are in development stage. It has also been found that interleaving the
laminates with PEEK layers or adhesive layers will reduce the extent of delami-
nation due to impact [5]. But, a systematic and scientific study is needed to esti-
mate the optimum location and extent of the interleave materials that will be
effective in arresting delamination propagation.
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Laminate theories are not adequate in describing the stresses due to indentation
or for that matter impact. Figure 1 shows the load-deflection diagram of two dif-
ferent 32 layer quasi-isotropic graphite/epoxy laminated plates indented by in-
denters with diameters 6.25 mm and 25.4 mm. In these diagrams the nonlinear
portion due to local indentation is not shown. The dimensions of the plate are
125 x 125 mm and 70 X 70 mm respectively. According to the laminate theory
the failure load of 70-mm plates should be about 1.8 times ( -125/70) that of 125-
mm plates irrespective of indenter diameter. But, it may be seen from Figure 1
that the failure loads strongly depend on the indenter diameters rather than on the
extent of laminate. One can also notice the apparent increase in stiffness for the
case of larger indenter. This suggests that three-dimensional analysis is essential
in the understanding of failure due to indentation. Further experiments are under
way to characterize damage in composite laminates due to static indentation.
The present study will focus on the numerical analysis of interlaminar shear

stresses in a composite laminate indented by a rigid indenter (see Figure 2). The
plate is assumed to be circular, made up of transversely isotropic layers, and
clamped at the boundary. Finite difference method is used to solve the elasticity
equations in the inner region where local indentation effects will dominate. Lami-
nated plate theory is used in the outer region away from the contact region. Dis-
placements obtained from both solutions are matched at the transition boundary

Figure 1. Effect ofplafe dimensions and mdenter diameter on failure load of graphite/epoxy
plates.
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Figure 2. Axisymmetnc indentation of a composite lammate.

between the inner and outer regions. The results presented are: contact stresses,
variation of contact radius with contact force, and interlaminar shear stress distri-
bution. The effects of a soft surface layer and an interlayer on the contact behavior
and interlaminar shear stresses are discussed.

2. FINITE DIFFERENCE FORMULATION

Aboudi [6] has solved several 2-D and 3-D dynamic indentation problems us-
ing finite difference method. The equilibrium equations for axisymmetric prob-
lems are

and
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where u and w are displacements in the r and z directions respectively, and a
comma denotes partial differentiation with respect to subscripted variables. The
relation between the engineering elastic constants and the stiffness coefficients
C,,’s may be found in [7].
The finite difference approximation to Equations (1) and (2) are obtained by re-

placing all the partial derivatives by corresponding central differences, and ap-
plying them to all the interior points in each layer. On the top surface of the plate
vertical displacements are imposed at points beneath the indenter, whereas nor-
mal stresses are made equal to zero at points outside the contact radius. Shear
tractions are assumed to be zero on the entire top surface. Continuity of inter-
laminar shear and normal stresses is imposed at points on the interface between
two layers. Normal and shear tractions vanish at points on the bottom surface of
the plate. Forward and backward differences are used to compute z-derivatives in
the stress terms on the top and bottom surfaces of any layer respectively. For
points on the z-axis radial displacements are zero. Further a limiting process [6]
has to be used to compute some of the r-derivatives at r = 0.
As will be described in Section 4 below, the finite difference method was used

to solve the boundary value problem where w-displacements are prescribed over
part of the top surface. Gauss-Seidel iteration was used to solve the set of linear
equations in a computer with vector processing capability. The radial dis-

placements at the transition boundary were obtained using the LPM (Laminated
Plate Model) discussed in Section 3. The total load acting at the center of the
plate was calculated from the FDM (Finite Difference Model) at the end of each
Gauss-Seidel iteration. This force was applied as a central force in the LPM to
compute the radial displacements at the transition boundary. Then the displace-
ments were used as updated boundary conditions for the next iteration of FDM.
The w-displacements at the transition boundary obtained from the LPM were
not used, because they simply add to the rigid body displacement of the inner re-
gion, and do not affect the contact stresses or any other stress component for that
matter.

3. LAMINATE PLATE THEORY FOR CIRCULAR PLATES

Laminate plate theory was used to calculate the radial displacements on the
transition boundary. The differential equations of equilibrium for circular plates
are [8]:

where Nr and No are the in-plane force resultants, Mr and Mo are the moment re-
sultants, and Q is the shear force resultant. The constitutive relations are
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and

where the mid plane strains and curvatures are defined as e~r = duo/dr, E,, =

uo/r, Xr, = d1/;/dr, xog = 1/;/r, 1/; = dwo/dr, and uo and wo are the midplane
radial and transverse displacements, respectively.
From Equations (3)-(6) one can derive a pair of coupled ordinary differential

equations in uo(r) and 1/;(r). In these equations all the first and second derivatives
were approximated by their corresponding central differences, and solved by us-
ing the Gauss-Seidel iterative procedure. For a centrally loaded clamped plate the
boundary conditions are: Mo(0) = 0, ~(0) = 0, uo(a) = 0, ~(a) = 0, and Q =
-Pl(2~rr), where P is the concentrated force at the center, and a is the plate
radius. As discussed in the previous section we do not require w-displacements
at the transition boundary for solving the contact problem. The radial displace-
ments at the transition boundary, r = b, are computed as u(b,z) = uo(b) -
z~(b).

4. A NUMERICAL ALGORITHM FOR THE CONTACT PROBLEM

The initial contact between the rigid indenter and the plate is assumed to occur
at the central node. As the indenter is moved down, successive nodes come into
contact with the indenter, and their boundary conditions are changed. In Refer-
ence [9] the contact problem was solved assuming the contact pressure as a
superposition of several uniform loads acting over different radii. The unknowns
in the contact stress distribution were solved from a set of linear algebraic equa-
tions obtained from the condition that the deformed surface of the plate beneath
the indenter should conform to the shape of the indenter.

In the present method a slightly different approach is used. First several bound-
ary value problems were solved, the boundary conditions for the i th problem
being

and

where wk is the w-displacement of the kth node on the top surface. The computed
surface displacements w, are denoted by f,, which are actually influence func-
tions. For example fl is the w-displacement of the jth node due to unit displace-
ments at Nodes 1 through i. The stress field {(7’} was also calculated at all points
of interest.
Let the vertical gap between the i th node and the indenter at the beginning of

contact be g,. For a paraboloidal indenter g, = (i - 1)’A’/(2R) where R is the
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indenter radius of curvature, and A is the finite difference mesh size. The initial
contact is at Node 1. Now we compute the amount of vertical displacement 61 re-
quired by the indenter to close the gap g2 using the equation 61 - 1101 = g2.
After the indenter moves through a distance of 61, the gaps at other nodes would
have changed. For example, current gap e3 at the Node 3 will be given by e, =
g3 - 81(1 - f’3). In the next step the amount of indenter displacement 62 needed
to close the gap e3 is computed. In general the equation for the n th step is:

where the current gap e~+i at Node n + 1 is given by

Once the 8’s are calculated, the stress field due to indentation can be calcu-
lated from

The contact force is obtained as

where c is the contact radius. The integral in (7) has to be computed numerically
using the azz values at the contact nodes obtained from the FDM.

5. RESULTS AND DISCUSSION

In the numerical examples the plate diameter was assumed to be 50 mm and the
thickness 2 mm. The diameter of the inner region modeled by elasticity equations
was 10 mm. The inner region was modeled by a 100 x 40 mesh with uniform
spacing. The indenter radius of curvature was 10 mm, and the computations were
performed for a maximum contact radius of 1 mm.
The elastic constants of materials used in the numerical study are given in

Table 1. Two different types of laminate configurations were studied (see Figure
3). In Configuration 1 (Laminates lA, 1B and 1C) the layers are all isotropic.
This example was chosen to bring out the important features of the laminate con-
tact problem, and the effect of mismatch of elastic constants of adjacent layers.
Configuration 2 (Laminates 2A, 2B and 2C) represents more realistic composite
material systems. The properties of Material 3 are approximately equal to that of
a four ply graphite/epoxy quasi-isotropic laminate idealized as a homogeneous
transversely isotropic layer. Properties of Material 4 are obtained by similar
idealization of glass/epoxy layers. Material 5 is assumed as an epoxy-resin.
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Table 1. Elastic constants of materials used in numerical examples.

Results for Configuration 1 are presented in Figures 4 through 7. In these

figures the legends Homogeneous, Surface Layer and Interleaf represent the lay-
ups shown in Figure 3(a). For small contact radii (c < 0.125 h) the contact stress
distribution in all the three laminates was Hertzian. For larger contact radii the
deviation from elliptical distribution was significant. From Figure 4 it may be
seen that the contact stresses in the homogeneous plate are still Hertzian,
whereas there is considerable deviation in the other two plates. In the presence
of a soft surface layer on top, the contact stresses peak at the center. When the
soft layer is used as an interleaf the contact stresses are almost uniform except at
the periphery of the contact circle, and the maximum contact stress at the center
is reduced by 20%. Such details of contact stresses are important, because their
effect on the stress field is significant.
The variation of contact force with the contact radius is presented in Figure 5.

The two extreme curves represent the homogenous plates made up of materials
1 and 2. In the homogeneous plates the contact force is proportional to c3 as in
an isotropic half-space [10]. In Laminates 1B and 1C, for small contact lengths the
contact behavior is controlled by the properties of the layer in contact with the in-
denter. As the contact force is increased the layer beneath the surface layer in-
fluences the extent of contact for a given contact force. The contact force for a

Figure 3. Laminate configurations used In numencal studies.
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Figure 4. Contact stresses In composite laminates (configuration 1).

Figure 5. Contact force-contact radius relations for configuration 1
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Figure 6. Example of interlaminar shear stress distribution for configuration 1.

1-UN I A,- I rvm%lcl r B&dquo;1’4}

Figure 7. Maximum interlaminar shear stresses-contact force relationship for configura-
tion 1.
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Figure 8. Contact force-contact radius relations for configuration 2.

- - . -, .- . _...~-_ -m v-_

Figure 9. Interlaminar shear stresses In the graphitelepoxy laminate.
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Figure 10. Interlammar shear stresses in the hydnd laminate.

- 
___ - 

_______ -~~.___,

Figure 11. Interlaminar shear stresses in the interleaved laminate.
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Figure 12. Comparison of mterlaminar shear distribution for configuration 2.

Figure 13. Maximum interlammar shear stress-contact force relationship for configura-
tion 2.
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given contact radius c is bounded by the corresponding values for Material 1 and
2. If one desires to model the contact force-contact radius relation by a power law
of type P = kcl, then the exponent n will be greater or less than 3 depending on
whether the soft layer is used as a surface layer or interlayer.
The interlaminar shear stress distribution in the three plates for a given contact

force is shown in Figure 6. The stresses for each case are presented at a radius
where the maximum shear stress occurs. It was found that the maximum shear
stress occurs at a radius slightly less than the contact radius (between 0.9 c and
0.95 c). The effect of surface layer and interlayer in reducing the interlaminar
shear is evident. The interlaminar shear in the homogenous case was found to be
closely related to the half-space solution [11]. When the soft material is used as
an interleaf the maximum shear stress is still in the top layer, and the shear stress
in the interlayer is almost constant. When Material 2 is used as a surface layer,
the location of maximum shear is pushed down. The variation of maximum in-
terlaminar shear stress with respect to the contact force is presented in Figure 7.
Once again one can see that the interlayer and surface layer have significant effect
in reducing the maximum shear stress for a given contact force.
The results for Configuration 2 (Laminates 2A, 2B and 2C) are presented in

Figures 8 through 13. In these figures the legends G/E, Hybrid and Interleaf rep-
resent the homogenous graphite/epoxy laminate, plate with an interlayer of
glass/epoxy, and plate with an interlayer of epoxy resin respectively. The contact
stresses in all the three plates were close to the Hertzian distribution, and the
figures are not presented here. There is not much difference in the contact force-
contact radius relations (Figure 8) also. This is because the top layers of all three
plates are the same.
The interlaminar shear stress distribution in the three laminates for various

contact radii are shown in Figures 9-11. The shear stresses in the homogeneous
graphite/epoxy plate (Figure 9) were very similar to that in a transversely iso-
tropic half-space [11]. In the presence of interleaves (Figures 10 and 11) the maxi-
mum interlaminar shear still occurs in the top layer, but it is considerably less
than that in the homogeneous plate (cf. Figure 9). The same trend can be ob-
served in Figure 12 where the shear stresses in all the three laminates due to a
given contact force are presented. Figure 13 shows the variation of maximum in-
terlaminar shear with the contact force. One may observe that interleaving with
a soft layer can significantly reduce the maximum interlaminar shear stress.
The present numerical study shows that the interlaminar shear stresses in a

composite laminate subjected to static indentation can be considerably reduced
by interleaving with a layer of low modulus material such as epoxy resin. One
should expect similar results with PEEK interleaf also. Experimental studies are
underway to see if this could reduce the extent of damage during static indenta-
tion. The results can be extended, at least qualitatively, to low-velocity impact sit-
uations.
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