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Abstract A theory for elastic contact adhesion between a

rigid sphere and an elastic foundation is developed. The

theory derives relationships between the contact deforma-

tion and the externally applied force. The derivation is

based on elastic contact between a sphere and a thin linear-

elastic foundation in which the strain energies are balanced

by the work of indentation and the change in surface

energy. Contacting regimes where there is either com-

pressive strain energy or only tensile strain energy (pull-off

regime) are both treated. The model is non-dimensional-

ized and an order of magnitude analysis is performed in

order to develop simplified closed form solutions; the

simplified model is then evaluated and compared to the full

solution. This theory finds that the adhesion force is sig-

nificantly larger for an elastic foundation in which the

surface elements act independently as compared to more

traditional solutions for elastic solids. The theory gives an

adhesion force of Fadh ffi 7pRDc:

Keywords Contact mechanics � Adhesion � Elastic

foundation

List of symbols

a Half-width of the compressive contact zone

dA Differential area within the contact surface

dA = s ds dh
b Contact half-width

badh Half-width of the contact zone at maximum

negative force

b0 Half-width of the contact zone at zero externally

applied load

btrans Contact half-width at the transition condition for

the pull-off regime

C Stiffness of the foundation (pressure/unit

displacement)

d Deformation in the foundation at s = 0

dmax Gedanken maximum deformation at s = 0

dtrans Transition condition for the pull-off regime,

dtrans = 0

ds Deformation in the foundation as a function of the

contact radial coordinate s

Dc Change in surface energy per unit area as a result of

contact Dc = c1 ? c2 - c12

E Modulus of elasticity

m Poisson’s ratio

F Externally applied force: (?) compressive; (-)

tensile

Fadh The maximum tensile force or the force of

adhesion

U The Zenith angle, U = 0 along the axis of loading

h Maximum height of the tensile region at the edge

of contact

hs Maximum height of the tensile zone at separation

htrans Height of the tensile zone at the transition

condition for the pull-off regime

H dimensionless group representing the strength of

adhesion

P Contact pressure: (?) compressive; (-) tensile

h Angle around the contact h = 0…2p
R Radius of the contacting sphere

s Radial coordinate from the center of the contact

t Thickness of the elastic foundation

U0 Compressive strain energy

UT Total strain energy
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Us Change in surface energy due to a finite contact

area

Umax Gedanken maximum strain energy

z Surface coordinate in the direction of loading: (?)

into the film

(—) Denotes a dimensionless/normalized variable

Geometric and Mathematical Relationships

a ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2Rd � d2
p

Half width of the compres-

sive zone in terms of the

penetration d and the spher-

ical radius R

b ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2R d þ hð Þ � d þ hð Þ2
q

Half width of the contact

with adhesion in terms of

the penetration d, the height

of the tensile zone h, and the

radius R
pb4

4R
Simplified solution for the

volume of a spherical cap

of half width b and a radius

R based on small angle

approximations

2pR R�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

R2 � b2
p� �

Surface area of a spherical

cap of half width b and a

radius R

C ¼ 1�mð ÞE
1þmð Þ 1�2mð Þt Foundation stiffness for a

Winkler foundation under

conditions of plane strain
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� �b 2
p

¼ cosð�bÞ ffi 1� �b 2

2
Small angle approximations

for the dimensionless con-

tact half width that are used

to develop the simplified

solution

1 Introduction

Over the recent years, there has been increased interest in

modeling and evaluating the adhesion of thin compliant

layers that exist throughout tribological systems. The

pioneering studies of Kendall [1], Johnson et al. [2],

Greenwood and co-authors [3–5], Derjaguin et al. [6, 7],

Maugis [8], and Tabor [9] have provided the community a

suite of tools that can be used to evaluate the contributions

of adhesion to elastic solids. These models all build on the

contact mechanics of Hertz and are valid over different

regimes of contact for elastic half-spaces. The use of such

models for compliant films or multilayers that are thin

relative to the radius of curvature for the contacting sphere

is not advised. Recently, Reedy [10, 11] has explored the

development of models and approximate solutions for

contact with adhesion based on the mechanics of elastic

foundations under the condition of plane strain. Addition-

ally, numerous finite-element solutions have been per-

formed in the process of deriving approximate solutions to

the contact of compliant elastic layers [4, 12–15]. Thin and

compliant surface films are ubiquitous in tribology [16,

17], and are often a critical part of the lubrication strategy,

examples include: self-assembled monolayers [18–20],

transfer films [21, 22], and other tribofilms and anti-wear

films that are generated during operation [23–25].

This theory is entirely based on the conservation of

energy, and the models are developed using an elastic

foundation. The continuum mechanics are simplistic and

follow the work of Winkler [26], which has been described

in some detail by Johnson [27]. The contribution of adhe-

sion to the contact area and the externally applied force

follow an energy-based treatment similar to that outlined

by Kendall in 1971 [1] and later that same year by Johnson

et al. [2]. Essentially, the total strain energy, which is

comprised of both a tensile and a compressive contribution,

is balanced by the work done during contact and the change

in the surface energy as a result of contact.

2 Modeling of Contact with Adhesion

in the Compressive Contact Regime

The contact geometry treated in this article is illustrated in

Fig. 1. In brief, it is a rigid spherical cap that is penetrating

into a flat elastic foundation. Equation 1 provides an

expression for the local deformation ds as a function of the

radial coordinate s, the radius of curvature of the sphere R,

and the maximum central penetration of the elastic foun-

dation d. It should be noted that in this article compressive

Fig. 1 A sphere contacts an elastic foundation. The nomenclature

is defined in the corresponding section. In brief, the sphere is

characterized by the radius, and the film thickness, contact half-width,

and the height of the tensile zone should all be small relative to

the radius of the sphere. The elastic constants are used along with the

assumption of plane–strain to derive a suitable expression for the

foundation stiffness
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deformation is considered positive while tensile deforma-

tion is negative.

ds ¼ d � R�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

R2 � s2
p� �

ð1Þ
Given a displacement through the contact, the resulting

contact pressure P will be either compressive or tensile,

which follows the earlier convention and gives a positive

pressure for a compressive stress. In this model, the rela-

tionship between the local deformation and the resulting

pressure is assumed to follow a Winkler [26] or elastic

foundation that is under plane strain. This expression is

given by Eq. 2, where E is the elastic modulus, m is the

Poisson’s ratio, t is the thickness of the elastic layer, and C

is the resulting stiffness.

P ¼ 1� mð ÞE
1þ mð Þ 1� 2mð Þ

ds

t
¼ Cds ð2Þ

The reaction force, F, for any contacting geometry can be

found by integrating the above expression throughout the

contact. As shown in Eq. 3, if the foundation is liner elastic,

then the only term that remains within the integral is the

local deformation. Thus, this integral is essentially a volume

integral, where the force is simply the stiffness of the

foundation multiplied by the deformed volume. Equation 3

gives an approximate solution to this integral that will be

used throughout this article. The two new variables first

introduced here are the contact half-width b, and the height

of the tensile zone at the edge of contact h.

F ¼
Z

cs

C ds dA ¼ C

Z

2p

0

Z

b

0

dss ds dh ffi C
pb4

4R
� pb2h

� �

ð3Þ

In the absence of adhesion, the height of the tensile zone is

zero, h = 0, and the resulting expression gives the rela-

tionship between the applied load and the contact area. No

further analysis of elastic contact in the absence of adhe-

sion for the Winkler foundation will be explicitly devel-

oped in this article as it has been done before by others [11,

28, 29].

This derivation is based on a conservation of energy,

and it is therefore necessary to find an expression for the

strain energy stored in the compressive region of contact,

U0. In the absence of adhesion, there is no tensile zone at

the perimeter of contact (i.e., h = 0) and the strain energy

in the compressive region must be equal to the integral of

the force displacement history of penetration from first

contact to maximum penetration, z = 0 ? d. This integral

and solution are given by Eq. 4 (it should be noted that

the geometric relationship given in Eq. 1 has been used

to recast the above expression for force in terms of

penetration).

U0 ¼
Z

d

0

C
p 2Rz� z2ð Þ2

4R
dz ¼ CpRd3 1

3
� d

4R
þ d2

20R2

� �

ð4Þ

The total strain energy, UT, includes both the

compressive and the tensile regions of elastic defor-

mation. Unfortunately, the force displacement history for

a contact with adhesion is not yet known; thus, a slightly

more complex approach is needed to determine the total

strain energy. Furthermore, a direct integral of the strain

energy did not provide an elegant or suitable solution for

this analysis. Therefore, a rather circuitous route to derive

an expression for the total strain energy was followed.

First, for any prescribed value of the adhesive contact half-

width there are an infinite number of valid solutions (i.e.,

for any depth of penetration there is a corresponding height

of the tensile zone that will give the appropriate contact

half-width). Recall, that for a prescribed value of the

adhesive contact width the maximum possible penetration

is under a condition of zero tensile zone, this is also the

condition of maximum applied contact force. It then

follows that for any defined adhesive contact half-width

the total strain energy can be found by taking the

difference in the strain energy at maximum penetration

and the recovered energy that arises from unloading the

contact to a prescribed height of the tensile zone. This

solution process is given in Eqs. 5–8:

dmax ¼ d þ h ¼ R�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

R2 � b2
p

ð5Þ

Umax ¼ CpR R�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

R2 � b2
p� �3 11

60
þ 3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

R2 � b2
p

20R
� b2

20R2

 !

ð6Þ

UT ¼ Umax �
Z

h

0

C
pb4

4R
� pb2z

� �

dz ð7Þ

UT ¼ pCR

 

�

R�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

R2 � b2
p �3 11

60
þ 3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

R2 � b2
p

20R
� b2

20R2

 !

� b2h
b2

4R2
� h

2R

� �

!

ð8Þ

One notable difference in this expression for the total

strain energy as compared to the earlier expression for the

compressive strain energy is that the above expression is

given entirely in terms of the contact half-width and the

height of the tensile zone. By using the geometric rela-

tionships given in Eq. 1, the strain energy in the compressive

zone can also be recast in the same form; this process results

in Eq. 9.
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U0¼pCR

 

R�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

R2�b2
p

�h
� �3

� 11

60
þ3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

R2�b2
p

þ3h

20R
þh

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

R2�b2
p

10R2
�b2�h2

20R2

 !!

ð9Þ

The difference between the total strain energy (Eq. 8)

and the compressive strain energy (Eq. 9) is a result of the

strain energy that develops within the tensile zone. This is

driven by the change in the surface energy, Us, as a result

of contact. Here, the change in surface energy is simply the

product of the surface energy change per unit area, Dc, and

the contacting surface area. This is given by Eq. 10.

UT � U0 ¼ Us ¼ 2pRDc R�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

R2 � b2
p� �

ð10Þ

The solution process to find the contact half width as a

function of the applied load appears to be relatively

straightforward. First, the expression for the reaction force

(Eq. 3) is rewritten such that the height of the tensile zone is

given in terms of the contact half-width and the reaction

force (note: the reaction force is also the externally applied

load). This new relationship for the height of the tensile zone

is then substituted into the above expression. The result is a

single transcendental expression that gives the contact half-

width in terms of the applied load. Unfortunately, evaluation

required an iterative numerical solution.

2.1 Modeling of Contact with Adhesion

During Pull-Off

The method outlined in Sect. 2 is also valid for modeling

the separation of a sphere from an elastic foundation under

the condition of zero compressive stress. This occurs dur-

ing unloading or pull-off, and the resulting tensile neck that

develops is again the result of an energy balance. In the

pull-off regime, all deformations are tensile. The expres-

sions and the solution process are nearly identical to Eq. 10

and the only substitution that is required is that the com-

pressive strain energy is zero. This is given by Eq. 11.

UT ¼ 2pRDc R�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

R2 � b2
p� �

ð11Þ

3 Non-Dimensionalization

This analysis lends itself to a relatively straightforward

process of non-dimensionalization. A suitable set of dimen-

sionless variables and groups is given in Table 1. The

contact half-width and the film thickness are both nor-

malized by the radius of the sphere. The depth of pene-

tration and the height of the tensile zone are normalized by

film thickness. The externally applied force and the strain

energies are normalized by the approximate value of the

maximum force and energy that would result from nearly

complete indentation into the film. As a result of the non-

dimensionalization, a single dimensionless group H

appears, which can be thought of as a ratio of the strength

of the change in surface energy to strain energy. It is dis-

cussed in this article as a measure of the strength of

adhesion, and the solutions in the absence of adhesion can

be found by substituting H = 0 into the various expres-

sions. All dimensionless variables are denoted by a single

horizontal bar (—) above the variable.

Regardless of the contact regime, compressive, or pull-

off, the dimensionless expression for the externally applied

force is the same. This is given by Eq. 12.

�F ¼
�b4

4�t2
�

�b 2 �h

�t
ð12Þ

3.1 Non-Dimensionalization for Contact with

Adhesion in the Compressive Contact Regime

In the compressive contact regime, the depth of penetration

is greater than zero. The dimensionless expressions for the

compressive strain energy �Utexto; the total strain energy �UT;

the change in surface energy �Us; and the resulting energy

balance are given by Eqs. 13–16, respectively. Note that

these are simply the dimensionless forms of the equations

derived in Sect. 2.

�U0 ¼
1

�t3

 

1

10
1�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� �b 2
p

� �h �tð Þ
� �3

�
 

3
2

3
þ 3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� �b 2
p

þ �h�tð Þ

� 3þ �h�tð Þ þ 2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� �b 2
p

� �

� �b 2

!!

ð13Þ

Table 1 List of dimensionless variables and groups provides a list of

dimensionless variables and groups that are used throughout the

article

�b ¼ b
R Dimensionless contact half-width with adhesion

�t ¼ t
R Dimensionless film thickness

�d ¼ d
t ¼ 1

�t
d
R Dimensionless penetration of the apex of the sphere

into the elastic foundation

�h ¼ h
t ¼ 1

�t
h
R Dimensionless height of the tensile zone

�A ¼ A
pR2 ¼ �b2 Dimensionless contact area

�F ¼ F
CpRt2 Dimensionless externally applied force

�U0;T;s ¼ Uo;T;s

1=2CpRt3 Dimensionless energies of the compressive zone (0),

the total strain energy (T), or the surface energy (s).

H ¼ 4RDc
Ct3 Dimensionless adhesion parameter

In this manuscript a bar (—) denotes a dimensionless or normalized

value. The only dimensionless group that is used in this article is H,

which arises from this analysis and represents the strength of the

influence of adhesion
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�UT ¼
2

�t3

 

1�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� ð�bÞ2
q

� �3

� 11

60
þ 3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� �b 2
p

20
�

�b 2

20

 !

� �b 2 �h�t
�b 2

4
�

�h�t

2

� �

!

ð14Þ

�Us ¼ H 1�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� �b 2
p

� �

ð15Þ

�UT � �U0 ¼ H 1�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� �b 2
p

� �

ð16Þ

3.2 Non-Dimensionalization for Contact

with Adhesion During Pull-Off

As mentioned earlier, the energy balances for the com-

pressive contact regime and the pull-off regime differ only

by the inclusion or omission of the compressive strain

energy, respectively. In the pull-off regime, the total strain

energy is entirely balanced by the change in surface

energy; this is given by Eq. 17 and then in expanded form

by Eq. 18.

�UT ¼ H 1�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� �b 2
p

� �

ð17Þ

1

�t3

 

1�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� �b 2
p

� �3 11

60
þ 3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� �b 2
p

20
�

�b 2

20

 !

� �b 2 �h�t ð
�b 2

4
�

�h�t

2

�

!

¼ H

2
1�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� �b 2
p

� �

ð18Þ

4 Approximations for Small Contacts on Thin Films

The Winkler foundation is best suited for conditions where

the film thickness is small relative to the radius of curvature

of the contacting sphere. Under such conditions, small

angle approximations may be appropriate, particularly for

conditions where the contact half-width is much less than

the radius of curvature of the contacting sphere.

Before performing order-of-magnitude analysis, a global

substitution of Eq. 19 was used throughout the dimension-

less equations. Equation 19 gives a small angle approxima-

tion that includes the cosine of the zenith angle U, where

sinðUÞ ffi U ffi �b:

1�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� �b 2
p

’
�b 2

2
ð19Þ

The force expression is an approximate solution that used

small angle approximations for the volume integrals. Thus,

this expression should not be further simplified and is valid

throughout the following analysis. For completeness and

clarity, it is again shown here (Eq. 20).

�F ¼
�b4

4�t2
�

�b 2 �h

�t
ð20Þ

4.1 Approximations for Contact with Adhesion

in the Compressive Contact Regime

After Eq. 19 was substituted throughout Eqs. 13–16, the

higher-order terms in each grouping were removed as

appropriate. The resulting approximate or simplified solu-

tions are given by Eqs. 21–23.

�U0 ¼
�b 2

�t3

�b4

12
�

�b 2

2
ð�h�tÞ þ �h2�t2 � 2

3

�h3�t3

�b 2

� �

ð21Þ

�UT ¼
�b 2

�t3

�b4

12
�

�b 2 �h�t

2
þ �h2�t2

� �

ð22Þ

�UT � �U0 ¼ H
�b 2

2

� �

ð23Þ

Fortuitously, Eq. 23 reduces to a simple expression in

terms of two dimensionless parameters and a single

dimensionless group. This expression can readily be

solved for the dimensionless tensile height in terms of

the dimensionless contact half-width and the dimensionless

group H.

4

3

�h3

�b 2

� �

¼ H ð24Þ

�h ¼ 3H �b 2

4

� �

1
3

ð25Þ

This is an exceedingly elegant and very useful result. All

of the expressions for forces, energy, penetration, and

contact area can now be directly expressed in terms of the

adhesive contact half-width. It is also worth pointing out

that in the absence of adhesion the height of the tensile

neck is exactly 0 (i.e., the solution is valid for contact with

or without adhesion).

4.2 Approximations for Contact with Adhesion

During Pull-Off

In the pull-off regime, there is no compressive strain

energy and the energy balance is substantially more com-

pact (although the solution is not). The full dimensionless

expression is given by Eq. 18 in Sect. 3.2, and the sim-

plified expression that results from the order-of-magnitude

analysis is given by Eq. 26.

�b4

12
�

�b 2 �h�t

2
þ �h2�t2 ¼ H�t3

2
ð26Þ

As alluded to earlier, this expression does not reduce to a

similarly compact expression for the height of the tensile
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neck in terms of the contact half-width. Equation 27 gives

the appropriate solution for the height of the tensile zone in

the pull-off regime after using the quadratic formula to

solve Eq. 26.

�h ¼ 1

4�t
�b 2 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

8H�t3 �
�b4

3

� �

s

 !

ð27Þ

5 Results and Discussion

In the previous sections, a distinction in the solutions

regimes depends on whether or not the spherical cap has

indented the elastic foundation. Physically, this transition

occurs at the point of non-zero penetration. This transition

condition is defined by the following equivalent expres-

sions that are listed in Eq. 28. These expressions can be

reduced by invoking similar order-of-magnitude analysis,

but because they are only used for the transition condition

they were left in their complete form.

�dtrans ¼ 0 ¼ 1

�t
1�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� �b 2
p

� �

� �h; �btrans ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

�h�t 2� �h�tð Þ
q

;

�htrans ¼
1

�t
1�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� �b 2
p

� �

ð28Þ

Depending on the depth of penetration, either Eq. 25 or 27

should be used to calculate the height of the tensile

zone. These two solutions are rewritten in Eq. 29 for the

conditions of pull-off or compressive contact, respectively

(note that during pull-off the penetration is negative).

�d� 0 �h ¼ �b 2

4�t þ 1
2�t

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2H�t3 � �b4

12

q

�d [ 0 �h ¼ 3H �b 2

4

� �1
3

2

6

4

3

7

5

ð29Þ

The resulting expressions for force, contact area, and

penetration are all functions of the contact half-width, film

thickness, and the height of the tensile neck. The height of

the tensile neck is also a function of the contact half-width,

the film thickness, and the dimensionless group H. All of

these simplified expressions are given by Eqs. 30–32

(again, note that no simplifications were performed on

the depth of penetration, which is given by Eq. 32).

�F ¼
�b4

4�t2
�

�b 2 �h

�t
ð30Þ

�A ¼ �b 2 ð31Þ

�d ¼ 1

�t
1�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� �b 2
p

� �

� �h ð32Þ

The procedure to produce loading and unloading curves

turns out to be fairly direct; given values of film thickness

and the dimensionless group H, plots can be readily

generated in terms of the contact half-width. Figure 2

shows a plot of the adhesive contact half-width versus the

applied force, although the solution process is actually the

reverse. In Fig. 2, the sketches of the film thickness, radius

of curvature, contact width, and deformation are all to

Fig. 2 The approximate

solutions in dimensionless form

are derived in Sect. 4 and

discussed in Sect. 5. They

provide a series of closed form

expressions for the relationships

between the contact geometry

and the applied load. The above

plot shows the adhesive contact

half-width �bð Þ as a function of

the externally applied load �Fð Þ:
All of the sketches of the

contact conditions are drawn to

scale. The transition for the

compressive contact regime and

the pull-off regime is denoted

by an open circle, and the

associated expressions for the

height of the tensile are given

either above or below the

respective transition
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scale. This curve is annotated by insets that provide

specific contact conditions and the associated expressions.

In the following sections, some of these unique conditions

will be discussed and compact simplified solutions will be

developed. All of these solutions are arranged in Table 2

with descriptions, conditions of validity, and a list of

equation numbers where they appear in the text.

5.1 Maximum Adhesive Force

The maximum negative force is of great interest and it is

often called the adhesion force, Fadh. In this model, the

maximum adhesion force occurs in a region where there is

a penetration into the foundation. In order to find the

location of maximum adhesive force, the derivative of the

dimensionless expression for force was taken with respect

to the contact half-width and the resulting expression was

set to zero; this is given by Eq. 33. It is perhaps worth

mentioning that the appropriate substitution for the height

of the tensile zone as a function of the contact half-width

was made prior to taking the derivative of the applied force

equation.

d �F

d�b
¼ 4�b3

4�t2
� 128H

9

� �1
3 �b

5
3

�t
¼ 0 ð33Þ

�badh ¼
128H�t3

9

� �

1
4

ð34Þ

Solving for the value of the maximum negative force

involves substituting the above expression for the contact

half-width at the maximum adhesive force, �badh; back into

the force expression (Eq. 20) and the height of the tensile

neck (Eq. 25). The result is given in Eq. 35, which

miraculously reduces to a simple closed form solution

that is in terms of the dimensionless group H and the film

thickness.

�Fadh ¼
�b4

adh

4�t2
�

�b2
adh

�h

�t
¼ 32H�t

9
� 1

�t

128H�t3

9

� �

2
3 3H

4

� �1
3

ð35Þ

�Fadh ¼
�16H�t

9
ð36Þ

5.2 Adhesive Contact Half-Width at Zero Applied

Load

The contact radius that results from no externally applied

load is zero only under conditions of no adhesion or at final

separation (i.e., no contact). As is evident from Eq. 37,

which is the force expression that is valid throughout the

analysis, if the applied force is set to zero there is an inter-

esting condition of zero externally applied load when the

tensile forces exactly balance the compressive forces; this is

given by Eq. 39. By definition, this balance in forces must

involve both a compressive zone and an antagonistic tensile

zone. The appropriate expression for the height of the tensile

neck to be used in Eq. 37 is given by Eq. 38. The result is a

rather compact solution for the adhesive contact half-width

at zero externally applied load, �b0;which is given by Eq. 39.

�F ¼
�b4

4�t2
�

�b 2 �h

�t
¼ 0 ð37Þ

�h ¼ 3H �b 2

4

� �

1
3

ð38Þ

�b0 ¼ 2 3Ht3
� 	

1
4 ð39Þ

Table 2 Compilation of the simplified reduced order expression for contact with adhesion provides a list of dimensionless expressions for the

approximate solution to contact with adhesion on an elastic foundation

Expression Description Regions of validity Equations

�F ¼ �b4

4�t2 � �b2 �h
�t Dimensionless externally applied force �d� 1 12, 30

�A ¼ �b2 Dimensionless contact area �d� 1 31

�d ¼ 1
�t 1�

ffiffiffiffiffiffiffiffiffiffiffiffiffi

1� �b2
p� �

� �h Dimensionless central penetration into the elastic foundation 28, 32

�h ¼ �b2

4�t þ 1
2�t

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2H�t3 � �b4

12

q

Dimensionless height of the tensile zone in the tensile pull-off regime �d� 0 27, 29

�h ¼ 3H �b2

4

� �1
3

Dimensionless height of the tensile zone in the compressive contact regime �d [ 0 25, 29, 38

�Fadh ¼ �16H�t
9

Dimensionless maximum negative force of adhesion �d [ 0 36, 41, 42

�b0 ¼ 2 3Ht3ð Þ
1
4 Dimensionless half width of contact under zero externally applied load �d [ 0 39

�hs ¼
ffiffiffiffi

H�t
2

q

Dimensionless height of the tensile neck at separation �d\0 40

The approximate solutions derived in Sect. 4 and discussed in Sect. 5 invoke small angle approximations to the complete solution. Note that

under conditions of no adhesion H = 0 and �h ¼ 0
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5.3 Height of the Tensile Zone at Separation

At complete separation, the final height of the tensile zone,
�hs; can be found by solving Eq. 27 at the limit of contact in

the pull-off regime. The solution is given by Eq. 40, and is in

terms of the dimensionless group H and the film thickness.

�hs ¼
ffiffiffiffiffiffi

H�t

2

r

ð40Þ

5.4 Scaling of the Contact Area with the Applied Load

In the absence of adhesion, it can be readily shown that the

contact area �b 2ð Þ scales with square-root of the applied

load
ffiffiffiffi

�F
p� �

: Even in the presence of adhesion, this

approximation is good for conditions of high applied load

where the compressive strain energy is large relative to the

change in surface energy.

5.5 Dimensional Expression for the Maximum

Adhesion Force

For elastic contact level models of solid spheres [2, 6, 8,

30], the adhesion force is given in terms of the radius of the

contacting sphere and the change in surface energy or the

work of adhesion. Expressions for the maximum adhesion

force derived in Sect. 5.1 in dimensional terms gives

Eq. 41 and the approximate solution if all of the dimen-

sionless groups are expanded, Eq. 42.

Fadh ¼
�16H

9

t

R
ðCpRt2

	

ð41Þ

Fadh � 7pRDc ð42Þ

It is particularly interesting to note that the adhesive force

derived here is Fadh � 7pRDc; while the thin film solution

derived by Reedy [11] is Fadh ffi 2pRDc; and Johnson et al.

[2] is Fadh ¼ 1:5pRDc: The differences are perhaps not that

surprising. In the Winkler foundation, surface elements are

allowed to act independently like a bed-of-springs. Thus,

there are no far-field strains that can pull apart the interface

as in the case of Reedy and Johnson et al. This result may

in part be used to explain the importance of the indepen-

dent setae [31] that exist on Gecko’s feet, which are nearly

ideal independent elastic elements [32].

5.6 Validity of the Approximate Solution

Figure 3 plots the complete solution given in Sect. 3 and

the order-of-magnitude solutions derived in Sect. 4 over a

wide range of parameter space in H and �t: The two solu-

tions are plotted in the same form as Fig. 2, and show the

evolution in the adhesive contact half-width with applied

normal load. In these plots, the film thickness is varied

from �t ¼ 0:05 to 0:2; which is half and double the value

used in the plot shown in Fig. 2. The dimensionless group

H (the strength adhesion) is also varied in these plots from

H = 0.1 to 0.5. The simplified or approximate solution

over predicts the contact area and the maximum adhesion

force, but it is nearly indistinguishable from the complete

solution for thin films. In the plots shown in Fig. 3, the axes

are all to the same scale and the effects of film thick-

ness and strength of adhesion are readily apparent. It is

Fig. 3 Plots of the adhesive

contact half-width versus the

externally applied force for both

the simplified solution and the

complete solution. The

expressions used in the

simplified solution are given in

Table 2; the complete solution

required numerical evaluation

involving optimization

strategies to solve the

transcendental expressions,

which are given in Sect. 3. For

regions where the small angle

approximation is good, the fits

are nearly indistinguishable.

The axes are all to the same

scale in order to facilitate

comparisons between the

solutions
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somewhat remarkable to note that even under condition of

very large contact areas, �b [ 0:5; the approximate solu-

tions are still within about 10% of the full solution.

The value of the approximate solution is even clearer

when one tries to generate the plots shown in Fig. 3. The

solution procedure for the complete solution required

numerical evaluation with optimization routines in order to

solve the transcendental expressions that relate the adhe-

sive contact half-width to the applied normal load. In

comparison, the simplified solution has a single closed

form expression for the applied force in terms of the

adhesive contact half-width.

6 Concluding Remarks

In this article, an analytical solution to elastic contact with

adhesion for a rigid sphere on an elastic foundation has been

developed. The expressions have been reduced from the full

solution using order-of-magnitude analysis. The resulting

expressions are compactly presented in Fig. 2, and given in

more detail in Table 2. It has been shown that the approxi-

mate solutions are nearly indistinguishable from the complete

solution for contacts that give adhesive contact half-widths

that are small relative to the indenter radius of curvature.

Finally, the dimensional analysis reveals that the independent

nature of the surface elements in an elastic foundation can

provide dramatically increased adhesion forces.
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