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Abstract A model for the elastic contact between a rigid

sphere and an ideal elastic foundation with adhesion has

been developed. The model was derived by integrating the

full Lennard-Jones potential to arrive at a closed-form

equilibrium condition that balances surface energy with

strain energy. It was found that the separation height is not a

function of the penetration. Using this energy criterion for

separation of contact in an elastic foundation, a model for

the force displacement relationship was then developed. In

this derivation there exists a tensile zone of deformation

along the perimeter of the contact. The model also reveals a

number of unique aspects of the adhesive contact, includ-

ing: the maximum adhesion occurs when the apex of the

sphere is tangent to the plane of the undeformed surface, the

maximum adhesion force Fadh ¼ �2pRDc, and the contact

area is linearly dependent on penetration. The ability to fit

high fidelity indentation data from finite-element analysis

and molecular dynamics simulation for thin films was

demonstrated. Additionally, experiments were performed

on thin films (*40 lm) of PDMS using a custom-built

microtribometer with in situ optical interferometry that

enabled simultaneous measurements of contact area, pene-

tration depths, externally applied force, and the detailed

measurements of the free-surface deformations, which

include the predicted tensile zone along the perimeter of

contact.

Keywords Contact mechanics � Adhesion � Thin films �
Polymers

List of symbols

dA Differential area within the contact surface dA ¼
s dsdh

b Contact half-width

badh Half-width of the contact zone at maximum negative

force

bo Half-width of the contact zone at zero externally

applied load

C Stiffness of the foundation (pressure/unit displace-

ment)

d Deformation in the foundation at s = 0

do Penetration at zero externally applied load

ds Deformation in the foundation as a function of the

contact radial coordinate s

Dc Change in free energy per unit area of surface

contact Dc ¼ c1 þ c2 � c12

E Modulus of elasticity

m Poisson’s ratio

F Externally applied force: (?) compressive; (-) tensile

Fadh The maximum tensile force or the force of adhesion

U The zenith angle, U ¼ 0 along the axis of loading

h Maximum height of the tensile region at the edge of

contact

P Contact pressure: (?) compressive; (-) tensile

h Angle around the contact h ¼ 0 . . . 2p
r Separation between two atoms

q Number of atoms per unit volume

R Radius of the contacting sphere

s Radial coordinate from the center of the contact

t Thickness of the elastic foundation

u(r) Lennard-Jones energy between two atoms of separa-

tion r

z Surface coordinate in the direction of loading: (?)

into the film

(-) Denotes a dimensionless/normalized variable
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Geometric and mathematical relationships

b ’
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2R d þ hð Þ
p

Simplified half-width of the

contact with adhesion in terms

of the penetration d, the height

of the tensile zone h, and the

radius R
pb4

4R
Simplified solution for the

volume of a spherical cap of

half-width b and a radius

R based on small-angle approx

imations

C ¼ 1�mð ÞE
1þmð Þ 1�2mð Þt ¼ E0

t
Foundation stiffness for a

Winkler foundation under

conditions of plane strain

CA ¼ 2p
3

qer6 Convenient group for the

terms in the attractive energy

of a Lennard-Jones atom over

an infinite solid

CR ¼ 8p
90

qer12 Convenient group for the

terms in the repulsive energy

of a Lennard-Jones atom over

an infinite solid
ffiffiffiffiffiffiffiffiffiffiffiffiffi

1� �b2
p

¼ cosð�bÞ ffi 1� �b2

2
Small-angle approximations

for the dimensionless contact

half-width that are used to

develop the simplified solution

1 Introduction

As described by many authors, there remains a need for a

simple mathematical description or model for contact with

adhesion [1–14]. In many tribological applications, the

surface film is thin relative to the contacting body, and it is

often desirable to model the thin film as an elastic foun-

dation [7]. Many existing adhesion models assume that the

contacting geometry does not deform much and that some

set of classical elasticity equations can effectively describe

the repulsion that arises from contact [4–6, 9, 15–18]; thus,

the DMT-like treatment applies an additional force of

attraction that effectively arises from the intermolecular

forces along the perimeter and nearby surfaces. In thin

elastic layers with adhesion, the DMT-like treatment sim-

ply adds an additional force (the adhesion force: Fadh ¼
�2pRDc) to the externally applied force [3].

The DMT model [15, 16, 19, 20] is intuitively satisfying

because it begins with an elegant integral approximation

for the net force that arises from atomic interaction ener-

gies and forces within the spherical bodies.1 Such a

treatment is somewhat deficient in that it will not predict a

tensile deformation around the perimeter of the contact,

and it is often discussed as a limiting case for ‘‘stiff’’

materials. This limitation motivated our mathematical

efforts to develop a model for adhesion based on the

integrals of the intermolecular energies coupled to the

simplistic elasticity treatments offered by the elastic

foundation. This work builds on earlier activities [3, 7] in

that expressions for force and elastic strain energy have

been derived for spherical deformations in an elastic

foundation, and such deformations and the resulting forces

and energies include derivations for contact with a tensile

deformation. It is again worth mentioning that the deriva-

tions and model development done here is specifically

designed for thin elastic layers, and uses a simple model of

elastic foundations as the basic mechanics to describe the

relationship between pressure and deflection.

2 Intermolecular Forces and Energy

The method described here is not limited to a particular

interatomic potential; however, the mathematics are done

for a Lennard-Jones (6–12) interatomic potential function.

2.1 Single Lennard-Jones Atom Over a Semi-Infinite

Solid

The classical Lennard-Jones potential is a relatively simple

model for the attraction and repulsion for neutral atoms. It

is widely used in molecular dynamics simulations as a

long-range force of attraction. The potential energy, u(r),

for a two-atom pair of Lennard-Jones atoms is given by

Eq. 1, where r is the separation between the two atoms.

Schematically, this is shown in Fig. 1a.

uðrÞ ¼ 4e
r
r

� �12

� r
r

� �6
� �

ð1Þ

For the Lennard-Jones potential at r = r the potential

energy is zero, and r is frequently described as a charac-

teristic interatomic spacing for a Lennard-Jones solid.

The potential energy for a Lennard-Jones atom at a

distance D above a semi-infinite solid of Lennard-Jones

atoms that has a number density of q atoms per unit volume

can be found by the integral shown in Fig. 1b. and given by

Eq. 2. The separation r is given by Eq. 3.

uðDÞ ¼
Z

1

D

Z

1

0

4e
r
r

� �12

� r
r

� �6
� �

� q2psdsdz ð2Þ

r ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

s2 þ z2
p

ð3Þ

The closed-form solution to the integral (Eq. 2) of a

Lennard-Jones atom at a distance D above a semi-infinite

1 The authors particularly appreciated the descriptions offered by J.

Israelachvili in his text, and for discussion on the Derjaguin

approximation; the curious reader is directed to Sect. 10.5 of the

second edition of Intermolecular & Surface Forces [22].
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Fig. 1 a–e The progression of

potential energy primitive

models from which the larger

adhesive contact model is

derived: a the Lennard-Jones

potential for two atoms at a

distance, b the energetic

potential of a single atom

positioned above an infinite

half-space, c the energetic

potential of a sheet of atoms

positioned above an infinite

half-space, and d the energetic

potential of a stacked atomic

sheet volume positioned above

an infinite half-space. e shows

the shift of the normalized

potential energy curve as the

contribution of the atoms above

the sheet pull the equilibrium

distance closer to the surface

than what would be predicted by

a simple Lennard-Jones

potential
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solid of Lennard-Jones atoms is given by Eq. 4. This solution

includes both the attractive and repulsive portions of the

potential energy. Additionally, two new expressions (CR and

CA) are introduced in an effort to present the solution more

compactly (though hopefully readily apparent, these constants

are also defined explicitly in the nomenclature table of

geometric and mathematical relationships).

uðDÞ ¼
8p
90

qer12 1

D9
� 2p

3
qer6 1

D3
. . . uðDÞ ¼

CR

D9
� CA

D3
ð4Þ

2.2 Finite Area of Lennard-Jones-Atoms over a Semi-

Infinite Solid

The potential energy within a single differential element of

Lennard-Jones atoms over a semi-infinite solid is the

summation of the individual interaction energies given by

Eq. 4. The result is given by Eq. 5, where the number of

atoms is simply qdxdydz. A schematic illustration of this is

provided in Fig. 1c.

DUðDÞ ¼
CR

D9
� CA

D3

� �

qdxdydz ð5Þ

The stacking of differential slices provides a solution

method to define the potential energy for a differential

(finite area) semi-infinite solid over a half-space. The

potential energy per unit area U
0

ðDÞ is given by Eqs. 6 and 7,

and is illustrated in Fig. 1d.

U0ðDÞ ¼
DUðDÞ
dxdy

¼
Z

1

D

CR

z9
� CA

z3

� �

qdz ð6Þ

U0ðDÞ ¼
qCR

8D8
� qCA

2D2
ð7Þ

2.3 Equilibrium Spacing and Energy in the Absence

of Strain

The minimum of the potential energy well for a pair of

Lennard-Jones atoms can be shown to be at a separation of

approximately 1.122r. For a finite area solid of Lennard-

Jones atoms against a semi-infinite half-space the minimum

potential energy well can be shown to have an equilibrium

separation of approximately 0.715r. This is derived below

by Eqs. 8 and 9, and shown graphically in Fig. 1e.

dU0ðDÞ
dD

¼ �qCR

D9
þ qCA

D3
¼ 0 ð8Þ

D6 ¼ CR

CA
¼ 4r6

30
! D ¼

ffiffiffiffiffiffiffiffiffiffi

2=156
p

r ¼ 0:715r ð9Þ

The reduction in the equilibrium spacing (approximately

30 %) for the contact between two Lennard-Jones solids as

opposed to a pair of Lennard-Jones atoms originates from

the integrated long-range attractive force being balanced by

the short-range repulsive force, which is effectively only

acting at the surface atoms. The convenient and very useful

approximation for the minimum potential energy per unit

area U
0
is given by Eq. 10, and can be found by substituting

the solution from Eq. 9 back into Eq. 7 and simplifying the

result.

U0 � � p
2

q2er4 ð10Þ

2.4 Hamaker Constants

The Hamaker constant, A, is a parameter compactly rep-

resenting the van der Waals forces between surfaces and

solids of various geometries. The resulting Hamaker con-

stant that follows from the setup of this derivation is given

by Eq. 11.

A ¼ p2q24er6 ð11Þ

Substitution of the Hamaker constant into Eq. 10 provides

a compact expression for the minimum interaction energy

per unit area for two surfaces, which is the non-retarded van

der Waals interaction free energy. This is given in Eq. 12,

with an additional simplification that is A0 ¼ A=r2.

U0 � �A

8pr2
¼ �A0

8p
ð12Þ

For condensed phases the Hamaker constants are on the

order 1 9 10-19 J and the characteristic separations are on

the order of angstroms, such that A
0

is order 1–10 J/m2.

3 Contact Model with Adhesion

The contact schematic, nomenclature, and mechanics fol-

low from a similar analysis that balanced surface energy

changes and strain energy. The schematic and associated

nomenclature is shown in Fig. 2a. In this formulation the

relationship between the local deformation, ds, and the

resulting pressure, P, is assumed to follow a Winkler [21]

or elastic foundation that is under plane strain. This

expression is given by Eq. 13, where E is the elastic

modulus, m is the Poisson’s ratio, t is the thickness of the

elastic layer, and C is the resulting stiffness.

P ¼ 1� mð Þ
1þ mð Þ

E

1� 2mð Þ
ds

t
¼ Cds ð13Þ

The strain energy per unit area, U0e, is found by inte-

grating the pressure displacement relationship and gives

the result shown in Eq. 14.

U0e ¼
1

2
Cd2 ð14Þ
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If two solids were in contact and externally applied

forces were trying to pull these surfaces apart, one

criterion for separation could be based on considerations

of energy conservation. Here we make the argument that

separation will occur when the strain energy equals the

potential energy returned to the surfaces at infinite

separation (i.e., when U0e ¼ �U0). The solution for the

maximum possible tensile strain displacement, h, is thus

given by Eq. 15.

h ¼ 1

2

ffiffiffiffiffiffi

A0

pC

r

ð15Þ

Like previous efforts to include adhesion within elastic

foundation contact mechanics, it is reasonable to assume

that a tensile zone of deformation exists along perimeter of

contact. The influence of this on the resulting contact

area is dependent on a number of factors, including: the

foundation stiffness, the strength of the intermolecular

forces, and the radius of curvature of the contacting body

(Fig. 3).

3.1 Resultant Force from Contact Deformation

To a good approximation the net force for a spherical

indentation with a tensile zone of height, h, is given by

Eq. 16 [7].

F ¼ C
pb4

4R
� pb2h

� �

ð16Þ

This force only considers the elastic deformations within

a circular contact zone of half-width b, and, therefore, does

not include the additional forces from attraction occurring

outside of the contact zone.

3.2 Additional Force from Attraction Outside

of the Contact

Treatment of the additional force arising from atoms not

within the contact zone followed the classical formulation

(with the caveat that the atoms contained within the

spherical cap of half-width b are excluded). By design, this

method will give the traditional closed-form solution for

the attractive force for a sphere approaching a flat surface.

In order to compactly evaluate this integral solution, it is

beneficial to invoke small-angle approximations (such

approximations treat the apex of the sphere as parabolic).

The integral solution only includes the attractive portion of

the Lennard-Jones potential, and integrates an infinite stack

of disks that approximate a sphere. The variable z is the

distance from the apex of the sphere to a particular ele-

vation described by a circular cross section of half-width r,

and the approximate solution is given by Eq. 17.

z � r2

2R
ð17Þ

The potential energy for a differential thin disk of atoms

of half-width r and a distance z - d away from the surface

is given by Eq. 18.

DUðzÞ ¼ �
CA

z� dð Þ3
qpr2dz ¼ � 2CA

z� dð Þ3
qpRz dz ð18Þ

Because the Lennard-Jones energy falls away so quickly

with separation distance, and because the contact area is

small relative to the radius of the sphere, it is acceptable to

integrate this function to infinity [22]. The integrated

additional energy from the atoms outside of the contact is

thus given by Eq. 19 in the integral form with the solution

being given by Eq. 20.

Ua ¼ �2pRqCA

Z

1

dþhð Þ

z

z� dð Þ3
dz ð19Þ

Ua ¼ �2pRqCA
d þ 2h

2h2

� �

ð20Þ

Fig. 2 The contact region shown with variables used in contact

model derivation. At separation it is assumed that the energetic

potential of the stacked atomic volume differential area balances the

elastic strain energy (i.e., two new surfaces will be created when

sufficient strain energy has been accumulated to account for the

increased surface energy generated upon separation)
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The separation between the sphere and flat surface

occurs at d = -h, and the energy is Ua ¼ �AR=ð6hÞ. The

resulting energy at this separation distance is the same as

the classical solution for a sphere approaching an infinte

flat surface.

The additional force of attraction outside of the contact

is found by taking the derivative of the energy as a function

of separation. This is given by Eqs. 21 and 22.

Fa ¼
�dUa

d dð Þ ¼
pRqCA

h2
ð21Þ

Fa ¼
AR

6h2
¼ 2p

3
RCr2 ð22Þ

Interestingly, the additional force of attraction for a

contacting sphere on elastic foundation is constant and is

dependent on the degree of penetration into the foundation.

3.3 Total Externally Applied Force

Following that the sign convention of a tensile force being

negative, the total externally applied force is given by

Eq. 23, which is the sum of Eqs. 16 and 22.

F ¼ Cpb4

4R
� Cpb2

2

ffiffiffiffiffiffi

A0

pC

r

� 2p
3

RCr2 ð23Þ

4 Non-dimensionalization

Similar to prior publications on the contact with adhesion

for thin elastic layers [7], it is convenient to develop a

dimensionless group that balances the adhesion strength by

elasticity. In this derivation we use the symbol w, and this

dimensionless group is given by Eq. 24.

w ¼
ffiffiffiffiffiffiffiffiffiffiffi

A0

pCR2

r

ð24Þ

Table 1 lists all of the dimensionless variables used in this

analysis. The deformation lengths are typically normalized

by the film thickness or normalized by the radius of the

contacting sphere depending on the variable. The forces are

normalized by the maximum compressive force that would

result from a penetration depth equal to the thickness of the

elastic foundation.

From this dimensionless analysis the height of the ten-

sile zone is found to be constant (Eq. 25), and the

Fig. 3 A schematic illustration of the solution procedure for determining the additional attractive force that arises from atoms that are outside of

the contact area. The integration of the energy equation results in the adhesive force from contributions of the indenter outside the contact
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dimensionless contact area, �b2, is a linear function of the

penetration (Eq. 26).

�h ¼ 1

2�t
w ð25Þ

�b2 ¼ 2�t �hþ �dð Þ ¼ wþ 2 �d �t ð26Þ

The usefulness of the dimensionless analysis is apparent

when examining the dimensionless expression for the total

externally applied force, Eq. 27. In this expression, the

third term in the equation is modified by the square of the

ratio of atomistic separations to the film thickness, and for

continuum level systems modeled here it is small and is

neglected for the remainder of the manuscript.

27

Interestingly, the term that is dropped is the result of the

derivation presented in Sect. 3.2, and is the additional force

from attraction outside of the contact, where contact

includes the area defined by the tensile zone. This dimen-

sionless analysis illustrates the importance of capturing the

force contributions from those atoms that are nearest to the

contacting surfaces (i.e., those atoms that are contained

within the contacting zone).

5 Results

A compilation of the dimensionless expressions derived is

given in Table 2, and shown graphically in Fig. 4. In this

section a few notable features of the analysis will be further

derived and discussed individually.

5.1 Maximum Tensile Force and the Force of Adhesion

The force of adhesion is often described as the maximum

tensile force that can be measured during a breaking con-

tact. The simplified dimensionless expression for the total

externally applied force is given above by Eq. 27. This

expression is a continuous function of the dimensionless

penetration, �d. Taking the derivative of the force with

respect to the penetration and setting this expression to zero

gives the location of minimum force (i.e., the maximum

tensile force or force of adhesion); this is shown in Eq. 28.

d �F

d dð Þ ¼ 2 �d ¼ 0! �d ¼ 0 ð28Þ

This is a very intriguing result, and indicates that the

maximum tensile force occurs at a location where the apex of

the sphere is tangent to the initial surface of the elastic

foundation. Additionally, all of the deformation at maximum

tensile force is tensile. It is a trivial substitution to show that

at �d ¼ 0 the force of adhesion is given by Eq. 29.

�Fadh ¼ �
w2

4�t2
ð29Þ

5.2 Adhesive Contact Half-Width at Zero Applied

Load

It is also interesting to examine the contact area that results

from zero externally applied force, which is a very manageable

and stable experiment to perform using a variety of cantilever-

based instruments [23–29], although direct measurements of

contact area and penetration can be tricky. The simplicity of the

derived expressions is again clear; by rearranging Eq. 26 the

penetration into the elastic foundation can be expressed by

the dimensionless contact half-width, the strength of adhesion,

and the dimensionless film thickness; the resulting expression

for dimensionless penetration is given by Eq. 30.

�d ¼
�b2 � w

2�t
ð30Þ

Substituting this expression into the simplified equation

for externally applied force gives Eq. 31. Here it can be seen

that for non-zero values of the dimensionless contact area,
�b2, the only contact geometry that gives zero externally

applied normal load, (�bo), is given by Eq. 32.

�F ¼
�b2

4�t2
�b2 � 2w
	 


ð31Þ

�b2
o ¼ 2w ð32Þ

5.3 Force Versus Penetration and Contact Half-width

Versus Force

Force displacement curves and instrumented indentation

have become useful tools for characterizing the mechanics

Table 1 List of dimensionless variables and groups

�b ¼ b
R

Dimensionless contact half-width with adhesion

�t ¼ t
R Dimensionless film thickness

�d ¼ d
t ¼ d

�tR
Dimensionless penetration of the apex of the sphere into

the elastic foundation

�h ¼ h
t ¼ h

�tR
Dimensionless height of the tensile zone

�b2 ¼ pb2

pR2
Dimensionless contact area

�F ¼ F
CpRt2 Dimensionless externally applied force (tensile is

negative)

w ¼
ffiffiffiffiffiffiffiffi

A0

pCR2

q

Dimensionless adhesion parameter

A list of dimensionless variables and groups that are used throughout

the manuscript. In this manuscript a bar (–) denotes a dimensionless

or normalized value. The only dimensionless group that is used in this

manuscript is w, which arises from this analysis and represents the

strength of the influence of adhesion
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and surface interactions across thin films [11–14]. In

Fig. 5a the dimensionless externally applied force is plot-

ted versus the dimensionless penetration. As can be seen

from Eq. 27, the relationship is parabolic and symmetric

about �d ¼ 0. This figure is plotted for a dimensionless film

thickness of �t ¼ 0:1, and covers a range of w = 0 ? 0.05.

The dark line corresponds to the zero adhesion condition,

w = 0. In Fig. 5b the contact half-width is plotted versus

the externally applied force for the same range conditions.

6 Simplified Expressions and Comparisons

to Numerical Simulations

For many biological systems and polymeric films the

softness, and the relative thinness of the samples as com-

pared to the spatial distribution of material heterogeneities,

challenges many characterization techniques [26, 30–32].

Low-force instrumented indentation with relatively large

spherical probes has been found to be a useful tool to

Table 2 Compilation of the simplified reduced order expression for contact with adhesion

Expression Description Eqn #’s

�b ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

wþ 2 �d�t
p

Dimensionless adhesive contact half-width 26

�d ¼ �b2�w
2�t

Dimensionless contact penetration (positive is into the film) 30

�F ¼ �d2 � w2

4�t2
Dimensionless externally applied force in terms of the contact penetration 27

�F ¼ �b2

2�t2

�b2

2
� w

� �

Dimensionless externally applied force in terms of the contact half-width 31

�Fadh ¼ � w2

4�t2
Dimensionless maximum negative force of adhesion 29

�h ¼ 1
2�t w Dimensionless height of the tensile zone 25

�bo ¼
ffiffiffiffiffiffi

2w
p

Dimensionless half-width of contact under zero externally applied load 32

�do ¼ w
2�t

Dimensionless penetration under zero externally applied load –

A list of dimensionless expressions for the approximate solution to contact with adhesion on an elastic foundation. Note that under conditions of

no adhesion w = 0

Fig. 4 The adhesive contact

model solution shown with

highlighted points of interest

(zero applied load, maximum

adhesive force, and final

separation) along the

dimensionless contact area-

applied force curve

252 Tribol Lett (2013) 50:245–260

123



compare the mechanics of such materials [32]. The limi-

tations of classical contact theories based on half-spaces

and semi-infinite solids have been discussed by others

[2, 3, 10, 33–35]. This model aims to provide a simple set

of expressions that can be easily fit to experimental or

simulated indentation data.

As previously discussed, it is common to use surface

energy in models and experiments that purport to explore

or elucidate the origins of adhesion. Based on the analysis

and descriptions given in Sect. 2.4, the surface energy c is

half of the minimum van der Waals interaction free energy.

Thus the surface energy c in terms of the Hamaker con-

stants is given by Eq. 33.

c ¼ A

16pr2
¼ A0

16p
ð33Þ

For self-mated surfaces the work of adhesion Dc is equal

to twice the surface energy (Dc ¼ 2c). Substituting these

expressions into Eq. 24 and reorganizing the result yields a

dimensionless group representing the strength of adhesion,

Eq. 34.

w ¼ 2

ffiffiffiffiffiffiffiffiffi

2Dc
CR2

r

ð34Þ

Continuing to perform these algebraic substitutions on

the dimensionless expressions enables them to be recast

into dimensional equations in terms of the surface energy,

elastic constants, and the contact geometry. The various

expressions are compiled in Table 3, and Eq. 35 gives the

expression for the externally applied force where the force

of adhesion is given by Eq. 36.

F ¼ CpRd2 � 2pRDc ð35Þ
Fadh ¼ �2pRDc ð36Þ

In order to explore the validity of these simple

expressions we have fit the models to sophisticated

numerical simulations that have been previously pub-

lished [3, 36]. In performing such activities, the simplicity

and utility of the above expressions become apparent. For

example, the maximum adhesive force is simply a func-

tion of the surface energy and the radius of the contacting

probe. Furthermore, if the applied force is plotted versus

the square of the penetration depth then the slope of the

line is related to the stiffness of the foundation and the

radius of the contacting probe. Because of the relative

ease of measuring film thickness and the probe geometry,

such simple fitting routines quickly returns information

about the surface energy and the elasticity of these thin

films.

A finite-element simulation of a thin-coating with

adhesion being indented by a rigid sphere was developed

and analyzed by Reedy [3]. The finite-element method in

that work is described as an explicit dynamics approach

with large strains and displacements. The adhesion was

added via a traction–separation relationship. The simu-

lation setup is illustrated in Fig. 6a, and data from 3

different simulations are plotted in Fig. 6b; in these

simulations the elastic modulus of the foundation was

varied from 1 to 100 GPa. In Reedy’s analysis the same

traction–separation relationship was used for each simu-

lation (the work of adhesion that corresponds to the

traction–separation is given to be Dc ¼ 250 mJ/m2), and

as this model predicts gives a value of force of adhesion

that is independent of modulus and Fadh ¼ 2pRDc ¼
157 nN; this result is identical to Reedy’s finding. In

Fig. 6, the data from Reedy’s finiteelement solution and

the prediction of this model are plotted together. The

solid lines that are shown in Fig. 6 are from Eq. 37, and

Fig. 5 Graphical representation of Eqs. (27–32) for �t ¼ 0:1 and

several values of w. The leftmost graph shows the dimensionless

force–displacement relationship for a separating contact. A more

classically used plot is the rightmost graph showing the effect of

adhesion on the dimensionless contact half-width as a function of

dimensionless externally applied force
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the elastic modulus, Poisson’s ratio, and all geometries

are taken directly from Reedy’s analysis.

F ¼ CpRd2 � 2pRDc ¼ CpRd2 � 157 nN ð37Þ

As previously mentioned, the analytical solution mat-

ches the force of adhesion within ±2 % for the cases

examined. As expected, this analytical solution overpre-

dicts the contact area as the elastic foundation model does

not allow for or account for the influence of neighboring

elements on the stress field.

In another numerical simulation, molecular dynamics

was used to examine the indentation of a spherical

probe of silica on an alkylsilane self-assembled mono-

layer. This study was performed by Chandross et al.

[36] as part of a larger tribological effort. In these

molecular dynamics simulations the self-assembled mono-

layer was attached to a silica substrate and silica tips of 3,

10, and 30 nm radius of curvature were indented into the

substrate. The results from a 10-nm radius of curvature

tip just contacting the alkylsilane surface are shown In

Fig. 7a; the tensile zone of contact is clearly visible

in this image. In Fig. 7b the externally applied force is

plotted versus the penetration of the sphere into the

alkylsilane film. Attempts to fit the model to this simu-

lation reveal that there is a depth-dependent elastic

modulus. At higher strains the film is well characterized

with an elastic modulus of *4 GPa, but at first contact

the film appears to be nearly an order of magnitude softer.

This effect does not alter the prediction of the surface

energy and the adhesion force, but does have a significant

effect on the predicted contact area (as shown in Fig. 7c).

Cheng and Robbins have discussed in great detail the

challenges of defining contact at the atomic scale and

using molecular dynamics [37]. Here, we attribute this

apparent softening of the upper-most surface to molecular

roughness and thermal fluctuations, an effect that is sup-

pressed at higher strains.

7 Measurements of Contact Half-Width, Penetration,

and Tensile Zone Height

In an effort to experimentally examine some of the model

predictions, an in situ microtribometer with indentation

capability was constructed [38]. The goals of these

experiments were to directly measure the contact width and

the tensile zone height during indentation. In order to

facilitate the measurements thin films of transparent PDMS

Table 3 Compilation of the

expressions for contact with

adhesion in terms of surface

energy Dc

A list of dimensionless

expressions for the approximate

solution to contact with

adhesion on an elastic

foundation. Note that under

conditions of no adhesion

Dc ¼ 0

Expression Description Eqn #’s

Dc ¼ 2c

Dc ¼ A0

8p
¼ A

8pr2

Traditional relationship between the surface

energy and the Hamaker constants

33

w ¼ 2

ffiffiffiffiffiffi

2Dc
CR2

q

Dimensionless adhesion parameter in terms of the

surface energy, foundation stiffness, and radius

34

F ¼ CpRd2 � 2pRDc Externally applied force 35

Fadh ¼ �2pRDc Maximum adhesion force, which occurs when d ¼ 0. 36

h ¼
ffiffiffiffiffiffi

2Dc
C

q

Height of the tensile zone

pb2 ¼ 2pR d þ
ffiffiffiffiffiffi

2Dc
C

q

� �

Adhesive contact area in terms of the penetration, elastic

constants, geometry, and the surface energy

–

Fig. 6 a–b Finite-element modeling of a thin film on a ridge

substrate as performed by Reedy. The results of those numerical

simulations are shown as families of circles for the corresponding

modulus values, 1, 10, and 100 GPa. The mathematical model

developed in this work (Eq. 37) is shown as the thin solid lines for the

same modulus and work of adhesion

254 Tribol Lett (2013) 50:245–260

123



were prepared onto smooth glass plates, and an optical

microscope was constructed and positioned beneath the

contact. The digital image capture and dynamic loading

capability were linked during experiments through direct

computer control and data acquisition.

7.1 Preparation of PDMS Films

The polydimethylsiloxane (PDMS) surface was prepared

from Dow Corning Sylgard 184 Silicone Elastomer kit.

Ten grams of PDMS with a 10:1 A/B (base and curing

agent) mixture was mixed and diluted with 5 mL of tolu-

ene. The PDMS was applied to a 25-mm dia. X 3-mm-thick

borosilicate glass window and revolved in a spin-coater for

5 min at a linearly ramped rotational speed of 300–

6,000 rpm. The resulting PDMS thickness was determined

by a scanning white-light interferometer (SWLI) where

portions of the film were carefully excised in order to

measure the edge height. The measurements give a film

thickness of the PDMS as 40.6 ± 0.3 lm.

7.2 Optical In Situ Microtribometer: Loading

and Unloading Experiments

A more detailed description of this tribometer is presented

in a publication by Krick et al. [38]. This tribometer design

was based on a number of existing instruments that use

cantilevered flexures to measure applied loads in the normal

and tangential direction. The tribometer layout is shown

schematically in Fig. 8a. Unique to this design is the

stacking of the cantilevers; by stacking 2 nearly identical

cantilevers they become a pair of parallel-leaf type flexures

resulting in nearly perfect translational motion at the end.

The flexural stiffness in the normal and lateral directions of

this design are significantly greater due to the end condition;

it is analogous to a fixed-guided cantilever beam giving a

S-type bending mode shape opposed to a traditional fixed-

free end-condition cantilevers. The resulting loading and

unloading experiments showed a number of distinct tran-

sitions when the externally applied force is plotted versus

the penetration depth of the 3-mm radius ruby half-sphere

into the PDMS film, Fig. 8b.

At the incipient contact the probe is rapidly pulled into

the film hundreds of nanometers and the last datum point

prior to the sudden penetration defines the reference zero

for the surface. This pull to contact results in the appear-

ance of a local force minimum, and the tensile load persists

until the z-piezo stage and the cantilever assembly overtake

this deflection and begin to apply an additional compres-

sive load. Based on the model discussed earlier in the

manuscript, the origin of this pull-in is thought to be a

Fig. 7 a Molecular dynamics (MD) simulation geometry of a

nanometer scale indenter penetrating a self-assembled monolayer

film. As the tip approaches the undeformed film surface, the tensile

zone becomes apparent as the monolayer is affected by the

approaching surface. b The mathematical model derived in this work

(dashed lines) tracks well with the MD simulation for indentation into

the film with corroboration of the location of maximum adhesive for

occurring at the location of tangency between the indenter tip and the

undeformed surface. However, the film appears to have a clear depth-

dependent modulus that is not captured by this model. The model

predicts the adhesion energy based on the force of adhesion to be

Dc ¼ 56 mJ/m2. c The comparsion between the MD simulated

contact spot radius and adhesion model contact spot radius versus

applied force. The adhesion model tracks tightly inside the MD

simulation spread
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result of the tensile zone developing around the periphery

of contact and ultimately coming into balance with the

compressive elastic deformations and the externally

applied load. As the z-piezo stage continues to move the

base of the flexure assembly a net compressive load

emerges, and as predicted the loading portion of the curve

shows a nearly parabolic profile up to a maximum film

penetration of approximately 1 lm. In these experiments

the base of the flexure assembly was held for 2 s and then

the unloading of the contact began. The strong hysteresis in

the force versus penetration relationship is clearly evident

in Fig. 8b, and in this model would be attributed solely to

differences in the heights of the tensile zone. Intuitively,

one would expect that the ability to pull a free-surface

element up into contact through a tensile deformation of

neighboring elements results in smaller tensile zone than

what occurs when trying to break such a contact after it is

formed. The location of maximum adhesion is predicted by

the model to occur when the spherical body is tangent to

the surface, and in these experiments the maximum force

of adhesion occurs at a region within ±20 nm of the zero

penetration reference. Using the Eq. 36, the work of

adhesion is estimated to be Dc = 82 mJ/m2, which is

based on the maximum force of adhesion during pull-off

and the 3-mm radius of ruby sphere.

In this in situ microtribometer design, the normal

direction is manually aligned with the optical path (see

Fig. 8a). This careful positioning of the optics permits fine

focusing and imaging of the contact during indentation and

friction experiments, and while the optical microscope

design is rather classical and straightforward, the selection

of the orange (k = 596 nm) LED turned out to be partic-

ularly useful. The measured spectral distribution at the

contact was found to be very sharp with a full-width half

Fig. 8 a Schematic representation of the Optical In Situ MicroTrib-

ometer: (1) a radius sphere, (2) transparent counterface and PDMS

coating, (3–6) are the cantilevers, capacitive probes, and target,

respectively, (7) is the microscope objective, and (8) is the sample

holding platform for reciprocation. b A typical loading–unloading

curve for a 41-lm PDMS coating. c An optical image of the contact

during unloading; this image was collected at an externally applied

load of *90 lN. The dark region in the middle of the image is

contact, and the long-range coherence results in the Newtons rings

that are visible outside of contact. d The intensity map across the

midline of the optical image clearly demonstrates the ability to

measure the contact area and can be used to calculate the separation

between the free surface of the PDMS and the contacting sphere
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max spread of only 16 nm; the result is a demonstrated

coherence length of over 10 lm (see Fig. 8c–d for an

example the coherence and interference fringes). For the

contact of spheres, this circular contact zone and radiating

circular interference fringes are collectively known as

Newton’s rings and have been used before in tribology

[39, 40]. The contiguous dark circle in the middle of the

image is the 0th order fringe and represents contact at this

magnification, which is limited by diffraction and digital

imaging capabilities. In these experiments the pixel sizes

correspond to *250 nm 9 250 nm. Plotting the intensity

across and through the center of contact for this image

shows a region of nearly constant intensity that has an

adhesive contact half-width of b ffi 100 lm. The con-

structive and destructive interference patterns are clearly

visible in Fig. 8d, and through careful fringe identification

and counting the separation between the surface of the

PDMS and the ruby sphere can be measured across the

entire image.

7.3 Measurements of the Contact Area and the Tensile

Zone

The optical in situ microtribometer described above pro-

vides an experimental route to directly measure contact area

and surface deformations during indentation and friction

experiments. The image shown and analyzed in Fig. 8c–d

was taken during unloading near the zero force crossing; the

applied load at time of this image capture was F = 90 lN

with an estimated uncertainty of u(F) = 10 lN. As

described earlier, measurements of the adhesive contact

half-width are relatively straightforward albeit with the

uncertainty of edge determination between the 0th order

fringe and the onset of separation. Following the model

assumption that deformation is limited to the elastic film,

the shape of the 3-mm radius of curvature sphere can be

plotted across the contact zone with an origin along the

centerline and a depth of penetration that is equal to the

measured penetration from the cantilever and piezoelectric

stages. The assumed spherical shape of deformation within

the contact zone is plotted in Fig. 9a where the x-axis is the

radial coordinate from the center of contact. Additionally,

the spherical contact geometry of the probe extends outside

of contact and the interference patterns result from the

separation of this surface and the free surface of the PDMS

film. Using the ruby sphere as a reference surface, the shape

of the PDMS surface can be inferred from the interference

pattern shown in Fig. 8d. The result of this fitting routine is

a number of discrete measurements of the PDMS surface

locations; this is shown with associated uncertainties in

Fig. 9a. The penetration depth and the planar top surface of

the PDMS far from contact are consistent with the assumed

surface reference from Fig. 8b. Additionally, by analyzing

these surface shapes there is a clear and direct measurement

of both the edge of contact and the height of the tensile

zone, which are plotted in Fig. 9b, c, respectively.

One of the unique predictions of this model is that of a

constant tensile zone height that is independent of the

externally applied load. As shown in Fig. 9c there are clear

trends in the tensile zone height during loading, unloading,

and separation. The unloading portion of the curve is most

similar to the modeling efforts proposed here where the

surfaces are already in contact and the energy criteria for

separation act along the edge of contact. During the

unloading, the height of the tensile zone monotonically

increases from *580 to 650 nm prior to separation. This

change in height of 11 % occurs during a shrinking of the

adhesive contact half-width of almost 20 lm prior to sep-

aration. Additionally, upon separation it can be seen that

the rapid decrease in the adhesive contact half-width

coincides with a monotonic decay in the height of the

tensile zone.

7.4 Fitting the Model to Unloading Curves of Forces

Versus Penetration

A compilation of the various dimensional expressions

developed as result of these modeling efforts is given in

Table 3. The compact and direct form of these expressions

makes fitting available data relatively straightforward. The

most common available experimental data from indenta-

tion experiments are measurements of externally applied

force and the penetration into the substrate. Figure 10a

shows an elegant methodology to fit the force versus

penetration relationship. The model predicts that indenta-

tion into a perfect elastic foundation thin film would result

in a parabolic relationship, and by plotting the externally

applied force versus the square of the penetration the slope

is a measure of the intrinsic film stiffness regardless of the

strength of adhesion. In order to convert this slope back

into an effective elastic modulus one must possess some

knowledge of the film thickness. For this sample the film

thickness was measured to be t = 40.6 lm, and the slope

of the force versus the square of the penetration was *5/3

(mN/lm2). For a 3-mm radius of curvature indenter and

assuming that a Poisson ratio of the PDMS is m ¼ 0:45, the

resulting elastic modulus for the PDMS film is E =

1.9 MPa.

For this experiment the force of adhesion was found to

be Fadh ¼ �1:55 mN, which as described earlier gives a

work of adhesion of Dc ¼ 82 mJ/m2. Figure 10b plots the

force versus penetration relationship for a 40.6-lm-thick

film with the above elastic constants and work of adhesion.

No optimization or adjustments are made to improve the

quality of the fit; rather it is of interest to note the differ-

ences between the model predictions and the additional

Tribol Lett (2013) 50:245–260 257

123



measurements made via the optical in situ indentation

experiments.

Using all of the values for the elastic constants, geom-

etry, and the work of adhesion the model predicts that the

height of the tensile zone would be h = 960 nm as given

by Eq. 37.

h ¼
ffiffiffiffiffiffiffiffi

2Dc
C

r

¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2 � 82ð ÞmJ=m2

5= 9pð ÞMPa=lm

s

� 960 nm ð38Þ

The measured tensile height from these experiments is

closer to h � 600nm, which is a good result as the model is

predicted to overestimate the height of the tensile zone

because the elastic foundation neglects any coupling of

neighboring elements on the deformation. At the 90-lN

applied load studied in Figs. 7 and 8, the integrated volume

of the compressive zone is *11,000 lm3 and the

integrated volume of the tensile zone is *7,000 lm3,

and based on Eq. 16 would give an externally applied force

of 565 lN as shown in Eq. 39.

F ¼ C � ��Vcomp ���Vtension

	 


¼ 5= 9pð ÞMPa=lm � 4; 000 lm3

¼ 565 lN ð39Þ

The expressions described here are using a single value

of the elastic constants regardless of the penetration into

the film, which is consistent with the simplified mechanics

assumed in the model derivation. It is clear that there are

ample opportunities to improve the quality of the fits

by adding flexibility and sophistication to the model,

unfortunately this comes at the expense of increasing

complexity.

8 Closing Remarks

The simple model developed in this manuscript provides a

compact and closed-form expression for contact of an

elastic foundation with adhesion, and was developed spe-

cifically for experiment on thin elastic layers where the

elastic layer modulus is orders of magnitude lower than the

other surfaces. The model development predicts an adhe-

sion force to be Fadh ¼ �2pRDc. Given a known radius of

curvature of the indenter and film thickness the model can

be easily fit to indentation data by plotting the applied force

versus the square of the penetration depth. The model also

predicts that maximum adhesion occurs at zero film

Fig. 9 a A plot of deformation

as measured using the

interferometric technique. The

solid and dashed lines represent

the shape of the 3-mm radius of

curvature sphere that is loaded

against the 41-lm-thick PDMS

film. The difference between the

projected position of the rigid

sphere and the free surface of

the PDMS is given by the

circular data points that occur at

1/2k periodicity. b The contact

half-width can be directly

measured as shown in a and is

plotted versus the externally

applied force during loading and

unloading. c The heights of the

tensile zone can also be inferred

from these interferometric

measurements and these heights

are plotted versus loading and

unloading of the sphere
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penetration (i.e., when the indenter is tangent to the ini-

tially undeformed surface). This model was compared to

finite-element simulations, molecular dynamics simula-

tions, and an experiment with a PDMS films on a glass

substrate.

• In comparison with the finite-element simulations by

Reedy [2] the model predicted the same adhesion force

given the work of adhesion used in the simulation.

Additionally, the model qualitatively recovered the

force versus penetration behavior over the wide range

of elastic constants used in the simulations.

• The molecular dynamic simulations by Chandross et al.

showed an initially longer range gradual force displacement

relationship that could be fit with a lower 670-MPa elastic

modulus that stiffened to approximately 4 GPa after 30 %

strain into the film.

• The development of an in situ optical micro tribometer

facilitated direct measurements of contact area, film

deformation, applied load, and penetration into the film.

The instrument was able to measure a tensile height on

the order of 600 nm for a 41-lm-thick PDMS film. The

model fit to the experimental force displacement data

gives an elastic modulus of E = 1.9 MPa and a surface

energy of Dc ¼ 82 mJ/m2. The force displacement data

also demonstrated that the maximum force of adhesion

during unloading occurred at the tangent location to the

surface or zero penetration depth.
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